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IIpeaucioBue

IIpearaeMbIii TEKCT SIBJIsIETCS OCHOBOII BTOPOM YaCTH CJIAraBIIIErocst
MHOT'HE TOJIbl JIEKITMOHHOTO KypPCa, 9ATAeMOr0 MHOIO HA MEXaHUKO-MaTeMa-
TuIeckoM (paxyabrere HoBOCHOMPCKOro rocyIapCcTBEHHOTO YHUBEPCUTETA.

OCHOBHBIE TTPUHITAIIBI, KOTOPBIX §I CTApAaJICs MPUJIEPKUBATHCS TIPH OT-
Oope U MBJIOXKEHUHN MATEPHUaJIa, TAKOBBI:

1. YuebHO-HAyYHBII TPAKTAT JIOJI?)KEH ObITh HAlleJIeH B IIEPBYI0 OUYepe/ib
Ha U3JI02K€HUEe OCHOBHBIX UJed U JOCTUXKEHUHN COOTBETCTBYIOLIEH OTpac/iu
HayKH.

2. Ctujb, 36K U YPOBEHb CTPOTOCTHU U3JIOXKEHUsI JIOJIKHBI OBITH ajie-
KBaTHBI COBPEMEHHOMY COCTOAHHIO HayKH.

SOnurer "KOMIAKTHBIA" B 3arIaBii KHUTH OTParKaeT JIMIIL CTPEMJICHIE
K TIOJTHOTE W KPATKOCTH, 8 BOBCE HE OIEHKY IOJIYIYeHHOrO pe3dyibrara. K
TOMY K€ si CTPEMUJICH CIeJIaTh (DOPMYIUPOBKH YTBEPKICHUI KAK MOYKHO
boJiee yIOOHBIMU JjIsI PA3TOBOPHON petn, He TMOTEPSB HEOOXOINMOTO YPOB-
s crporoctu. [lo cpaBuenuio ¢ uzmanunem 2001 roja MaTepuas MOMOTHUAI-
Csl JIOKA3aTeILCTBAME BCEX YTBEPIKJICHUH, BXOISIINX B 9K3aMEHAIMOHHYIO
IporpamMMmy.

Tlosb3ytock ciiygaem BbIpasuTh IUIyOOKyIO0 OJIArOMapHOCTH BCEM MOUM
KOJIJIeraM-MaTeMaTuKaM, KOTOPbIE TIOMOTaIN MHE BCE TTPOILIbIE TOIbI HEM3-
MEHHO JTI00POKEIATETbHBIMIA U COMAEPXKATETHLHBIMI MATEMATHICCKUMU JTHC-
kyccusimu. QOcobasi GirarogapHocTs pejgakropam Tekcra JI. B. Boiitumiex
u 9. A. KonbioBy 3a TBOpueckoe 00Cy:KJeHUe MaTepuaJia, a TakyKe MOoei
xene K. B. IIIBeoBoit 32 KpOMOTIUBBIN TPY/IL IO €ro (hOpMATHPOBAHUIO.

. A. IlIsenos



Tnasa 7. METPUYECKUE U TOIIOJIOTUYECKUE ITOHATN A

§7.1. MerpudyecKkue 1 HOPMUPOBAHHbBIE IPOCTPAHCTBA

ToBopsT, uro Ha MHOXKecTBe X 33aH0 (OUPEIEIEHO) Paccmosinue
(mempuka) o, eciu Kaxkzoii nape Touek x,y € X HOCTABJIEHO B COOTBET-
crBre "ncio o(x,y) € Ry := [0, 00| 1 BBHIIOSHEHBI CIIEIYIONTE YCIOBHSL:

MI1. Cummerpuunocts: o(z,y) = oy, x).

M2. Hepasencrso tpeyroabauka: o(x,y) < o(z,z) + o(z,y).

M3. o(x,z) = 0.

M4. Ornemnmocts: o(z,y) =0 & o = y.

Tem caMbiM MeTpuKa (paccTosiHune) Ha MHOXKecTBe X — 310 (byHKIHUS
Buma o: X x X — R, obnamaromas coficrBamun M1 — M3.

IIpumepsnr. 1. @yukmua g : R x R — R, 3a7aBaemas dbopmystoit
o(z,y) = |z — yl|, sBnsiercsa paccrostauem Ha MHOXKecTBe R. Ec HasbiBatoT
CManOapPMHLIM PACCTNOAHUEM HA TUCIOBON IIPSMOIA.

2. @ymkmus o : R™ x R® — R, 3amaBaemas dopmymnoit o(z,y) =

1
n 2
=lz—y| = (Z | — yi|2) , SIBJISIETCST PACCTOSIHUEM Ha mpocTpaHcTse R™.
i=1

D1y PYHKIUIO 0OBIYHO HA3BIBAIOT €68KAUJOB0T W CMaHIapmHot, MEMPU-
%01 IpocTpancTBa R™.

3. O@Oynkmusa a : R x R — R, onpenensiemas copmymoit a(x,y) =
= | arctan x — arctan y|, siBJgeTCS PACCTOAHUEM Ha PACIIUPEHHON IUCIIOBOIL
upsamoii. (arctan(+oo) := £7/2)

MHoKecTBO, Ha KOTOPOM 33J]aHO PacCTosiHue (METPUKA), HA3bIBAETCS
MEMPUYECKUM TPOCMParcmeom. TodHee, METPUIECKOE IPOCTPAHCTBO —
9710 ynopsaodennas napa suzga (X, g), rae X — MHOXKECTBO, a 0 — Paccro-
saue Ha MHOXKecTBe X. OOBIYHO METPHYECKOe MPOCTPAHCTBO 00O3HAUAIOT
TEM K€ CHMBOJIOM, YTO U MHOXKECTBO TOYEK 3ITOrO MPOCTpaHCTBa. Kciau
JUTst 0003HAYEHUS] METPUKU METPUIECKOIrO ITPOCTpaHCcTBa X 3apaHee He BbI-
O6paHa OyKBa, TO 9Ty METPUKY OyJeM 0003HAYATH CHMBOJIOM Qx WJIM JIayKe
CUMEOJIOM @, €CJTM HEeT TOBOJIA JIJIs HETOPA3yMEHHUSI.

Iycrs S — noaMHOXKeCTBO MeTpuueckoro npocrpancTsa (X, o). Hus
KaxkJoil mapbl Touek x,y € S nomoxum og(z,y) = o(x,y). Pyukumo
0s : S xS — R, maspBaor undyyuposartvim paccmoanuem ua S. Merpu-
YEeCKOE IIPOCTPAHCTBO (S, 05) HABBIBAIOT NOONPOCMPAHCIMEOM METPUIECKOIO
npocrpanctsa (X, 0). Kak mpaBuiio, NHIYIMPOBAHHOE PACCTOsTHAE 0GO3HA~
YaloT TOW Ke OYKBO#, 94TO M pacCTOSHUE B OOBEMJIIONIEM ITPOCTPAHCTBE.
Eciu 0 kakoM-1160 TOAMHOXKECTBE METPUYECKOTO MPOCTPAHCTBA T'OBOPST
KAaK O METPUIECKOM HMPOCTPAHCTBE, TO TPU OTCYTCTBHU CIIEIAAIBHBIX yKa-
3aHWI [IPE/IIOIATAIOT, 9TO 3TO MOJMHOYKECTBO CHAGKEHO WHLYyIMPOBAHHON
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METPHUKOIL.

IIpousBemennemM MeTpPUIECKUX TPOCTPAHCTB X1,..., X, OyaeM Ha3bI-
BaTh MHOXKECTBO X := X1 X...X X}, B KOTOPOM PACCTOSHUE MEXK Ty TOTKAMU
x = (x1,...,2) W Yy (y1,...,yx) oupenensiercss bOPMyYIIOH

i 1/2
o(z,y) = <Z(QXi (mi7yi))2) . B wacrHocTH, MeTpHUecKoe IIpOoCTpaH-

i=1

crBo RF — 3T0 mpomsBesieHne METPUUIECKIX HPOCTPAHCTB X1, ... , Xj, Tie
X, =R, ie{l,... kb
ToBopsT, 4T0 Ha BekTOpHOM HpocrpaHcrse E 3azana nopma || ||, eciu

KaxXJI0My BekTopy & € E mocrasieno B coorsercrsue uucio |z|| € Ry u
[PU 3TOM BBINOJHEHDI CJIELYIONIAE TPH YCIOBHSL.

N1. Oduopodnocmo: ||\ - x| = |A| - ||z|| ana xaxmoro € E u so6oro
A€ A. 3aecw A € {R,C} — none ckansipoB mpoctpancTsa F.

N2. Hepasencmeo mpeyeoavhuka: ||x + y|| < ||z|| + ||yl awst mo6six
T,y € b.

N3. Omdeaumocmo: ||z|| =0 e R < 2z =0€ E.

TeM caMbIM HOpMa Ha BEKTOPHOM TIPOCTPAHCTEBe F — 3T0 DbyHKIMS BUIA
Il : E — Ry, obmagaromas ceoiicrBamu N1, N2, N3.

Ilpumepsi. 1. Ecimu EF — eBKINJIOBO MPOCTPAHCTBO CO CKAJISIPHBIM

upoussesenueM (z,y), 7o dyakuua |x| := +/(x,x) aBiserca nopmoii na E.
2. Ilycts p € [1, 00]. dua soboro © = (z1, ... ,%,) € R™ nomoxum
n 1/p
by i= (S o) ccanp € (1,00l el = max(iol. ... o). e
i—=1

70 |x|, HaseBaOT Ly,-Hopmot BekTOpa &. OZHOPOAHOCTH M HEBBIPOXKIEH-
HOCTb L,-HOPMBI OUEBUIHBI; HEPABEHCTBO TPEYTOIBLHUKA YCTAHABINBACTCS
C UCIIOJIb30BAHUEM CJIELYIOIIErO YTBEPKICHU.
R

Hepasencrso I'cibaepa. (z,y) < |zlp|ylq, ecmn o + o = 1.

< DTO HEPABEHCTBO JOCTATOYHO YCTAHOBUTH JIJIS HEHYJIEBBIX BEKTOPOB
C HEOTPUIATEJLHBIMEI KOOpAUHATAMU. 110CKOJIbKY ipu p = 1 1 ¢ = 00 Hepa-
BEHCTBO lCibZiepa  OWEBHIHO,  OyJeM TpEANoJaraTb — €mgc, — 9TO
p,q €]1,00[.

O6paTI/IMCH K mepasercTBy FOHra, KOTOpoe B HAICH CUTYAI[MH MMEET
Bug ab < a” + 1bq Va,b € Ry (§4.1). Crenosaresbho,

[Zlplyle = lzlp |yl — < \p \|zlp q Iqu
\xl Zx (e Zyz** *:1"




HepasencrtBo Munkosckoro. |z + y|, < |z|, + |y|, Aus mo6bx
BEKTOpOB ,y € R"™ u p € [1,00] u, crano 6bith, GyHKUUA ||, mepemen-
oot x € R™ gaBiseTcss HOpMOII Ha BEKTOPHOM IIpocTpancTse R™.

<« ITo npuunne, ykazanuoii npu BbIBOjE HepaBeHCTBa [cibiepa, mocTa-
TOYHO MpeJIoaraTh, 9ro p €]1,00[, a x,y — HeHyJeBble BEKTOPBI ¢ HEOT-
PHUIATEIBHBIMA KOODIXHATAMHE.

p

IIyctn q := o1 Torma % + % = 1 u, ciaemoBaTeIbHO,

n

(& +ylp)” =D (@ +yi)? =Y (@i +y:) (i +y:)P ",

i=1

momoxKuB z; := (x; + y;)P "L, uw 2z := (21,... , Z,), IPOJOKIAM TIPEPBAHHYIO
[IEIIOYKY PABEHCTB CJIEIYIOIUM 00Pa30M:

Tcabnep
=Y (@ity)z = @2+ (y2) < (wlplzletlylelzle = (2l +lylp)l2ly =

= (ol + Iyl (3 (@i + )7 )")

p—1

= (ol + ol (X +9007) 7 = Claly + )l + )™

Ocracrest CpaBHATH NEPBLIH U MOCJIEIHUN YICHBI IOy Y€HHON [ENOYKH CO-
OTHOIIICHUN. P

Yupaxkuenne. st soboro p € [1, 00] u moboro © € R™ nmeem
[0 < J2fp < /P .

B kom1ie riiasel 6y1eT HOKa3aHo, 9T0 JIOObIE 1B HOPMbI Ha IIPOCTPAHCTBE
R™ sKBUBaJIEHTHBI, T. €. 11Is JI0ObIX ABYX HOPM || || u || || cymecTtByioT Takue
KOHCTaHTHI ¢, ¢’ € R, aTo

1/q B

Izl < cllzll’s ll=ll” < cll]l Vo € R™.

TlosTomy misi M3JI0YKeHMsT OCHOB aHAJIN3a MOXKHO OBLIO OBl MCIIOJb30BATDH
J06yio HOpMy Ha mpocTpancTtBe R™. OmHAKO MBI OOBIYHO OyIeM IOJIB30-
BATBhCsl HOPMOii || := |z]a, nabbl omupaThest Ha apudMeTHIeCKnii, TeoMeT-
pudeckuii u pU3MIECKUN OITBIT.

ITo sT0ii Ke IpuYMHE P OTCYTCTBUM CIIEIUAIBHBIX yKa3aHUil paccMar-
pHBaeMyIo HOPMY Ha BEKTOPHOM IIpocTpancTBe E Oynem o6ozHavarh Jinbo
CcUMBOJIOM | |, 6o || ||, ecin HeT moBOA I HEAOPA3yMEHUIA.

BekTopHOe mpocTpaHCTBO, HA KOTOPOM 3aj[aHa HOpPMa, Ha3BIBAIOT HOp-
MUDPOBGHHBLM BEKMOPHBLM Npocmparcmeom. TodHee, HOPMUPOBAHHOE BEK-
TOpHOE ~—  3TO  yuopgduodennas wapa Buma  (E,| ||), rze
E — BeKTOpHOE IIPOCTPAHCTBO, a || || — HopMa Ha npocrpancTse E. O6brauo0
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HOPMUPOBAHHOE BEKTOPHOE IIPOCTPAHCTBO 0003HAYAIOT TEM YK€ CHMBOJIOM,
YTO M MHOXKECTBO BEKTOPOB 3TOI'0 IMPOCTPAHCTBA. Kcim Jist o6o3HaueHnst
HOPMBI HOPMHUPOBAHHOTO TPOCTpaHCTBa F 3apaHee He BhIOpaHa OykBa, TO
91Ty HOpMY OyzieM 0003HAYATH CUMBOJIOM | |p MM JjaXKe CUMBOJIOM | |, ecsin
HET MOBOJIA JIJIsl HEJIOPA3yMEHU{A.

HopMuposanHoe TpocTpaHCTBO OGBLIMHO CIUTAIOT METPUIECKUIM ITPOCTPAH-
CTBOM, paccrosinue Ha KOTOPOM OTIpEJIEIEHO dopmynoit
o(z,y) = ||z — y|. Ecim o muoxecTBe R™ roBopsT Kak 0 HOPMHDOBaH-
HOM BEKTOPHOM IIPOCTPAHCTBE, TO MPU OTCYTCTBUU CIIENUAIBHBIX YKa3aHUI
peroJararor, 9ro R™ cHabXKeHO eBKJIMIOBOIH HOPMOIA.

IIpoussederuem HOPMUPOBAHHHIT 6EKMOPHHLL npocmpancems By, ... E;
OyeM Ha3bIBATH BEKTOPHOE MPpOCTpancTBo F = 1 X. .. X Ej, B KOTOPOM HOP-

; 1/2
Ma BeKTopa T = (X1,...,x;) 3amacres dhopmyioit |z| = <Z |xl|2E) .B
i=1

JAaCTHOCTHU, HOPMHPOBAHHOE BEKTOPHOE mpocTpancTBo R! sBisercs mpous-
BeJCHUEM HOPMUPOBAHHBIX BEKTOPHBIX NpocTpancTs Fi, ..., F;, T11e
E,=RVie{l,...,l}.

§7.2. OCHOBBI aHAIN3a B3AMMHOTO PaCIOJIOXKEHUs
(Analysis Situs)

IIycts X — mpousBoIbHOE METPHYECKOE ITPOCTPAHCTBO.

Ja kaxaoit Touku p € X 1 KaxkJI0ro € > 0 IoJI0KIM:

O:(p,X) :={x € X : o(x,p) < e} := omrpoimas e-0KPECMHOCMH TOUKH P,
B.(p,X) :={x € X : o(z,p) < e} := 3amrnyman e-0kpecmHocmd TOIKI
p.

OTKpPBITYIO (3aMKHYTYIO) OKPECTHOCTH TOYKHU P HA3SBIBAIOT TAKIKE OMKDbI-
MoLM (3AMEHYMBIM) WAPOM DPAJIUYCA € C TEHTPOM B TOYKE P.

VYnpaxkaenusi. 1. KakoBbl é-OKpeCTHOCTH pa3IMIHBIX TOYEK METPH-
9eCKOTO TpocTpaHcTBa [a < b] C R?

2. Ha mnockocrn R? mapucosars e-okpectroctn Toukn 0 € R? orHocn-
TesbHO Ly,-HopMeL, p € {1,2,00}, mpu € = 1.

3. Kax BBINIAAAT U HA3BIBAIOTCA TAKUE YK€ E-OKPECTHOCTHU B IIPOCTPAH-
cree R3?

4. KakoBbI £-OKPECTHOCTH PA3IMYHBLIX TOYEK METPHYECKOTO IIPOCTPAH-
crea (R,a)? 3mech a — wMerpuka Ha R, ompemensemas hopMyToit
a(z,y) = | arctan(xz) — arctan(y)|.

5. B mo6oM HOpMUPOBAHHOM BEKTOPHOM NPOCTpaHcTBe E Beskas
€-OKPECTHOCTD HYJIS ABJISIETCS BBITYKJIBIM MHOYKECTBOM, CUMMETPHUIHBIM OT-
HocurebHO ToUKu 0 € F.

11



MuoxkectBo U C X HA3BIBAIOT 0KpecmHOCMbO0 TOUKH p € X, eciu
U conep:KuT HEKOTOPYIO E-OKPECTHOCTh 3TOi Touku. COBOKYITHOCTH BCEX
OKpecTHOCTeH TOYKU p OyieMm obosHadarh cumBosioM A (p). [ommuoxKe-
crBo U MeTpUYecKoro mpocrpancTBa X HA3BIBAIOT OMKPuMbiM 6 X MHO-
IHCECTMBOM, €CIIN OHO ABJIAETCA OKPECTHOCTBHIO KaKJ0U CBOEH TOYKU.

VYupaxkaeuue. OTKpbITasi £-OKPECTHOCTb TOYKU SIBJISIETCS OTKPBITHIM
MHO>KECTBOM B PACCMATPUBAEMOM IIPOCTPAHCTEE.

CsoiicTBa cucTeMbl OKPECTHOCTEll MEeTPUIECKOro

HIPOCTPAHCTBA.

1. Ilepeceyenue I0OBIX JBYX OKPECTHOCTEH TOYKU SIBJISETCS OKPECTHO-
CTBIO 3TOHU TOYKHU.

2. Kaxkmast OKpecTHOCTh TOYKU COIEPXKUAT OTKPBITYIO OKPECTHOCTD ITOM
TOYKU.

3. MHOxkKecTBO, cojiepKaliiee HEKOTOPY OKPECTHOCTb TOYKHU, CAMO siB-
JISIETCST OKPECTHOCTHIO 3TON TOUKH.

4. JIrobble aBe pa3IudHbIe TOUYKA MEMPULECKO20 TTPOCTPAHCTBA 00131~
FOT HEITEPECEKAIOIIMMUCS OKPECTHOCTSIMH.

5. Kaxxzmast Touka METpUIeCKOro IPOCTPAHCTBA 00JIaaeT TAKO moce-
JoBaTeIbHOCTBIO OKpecTHOCTEN Uy D ... D U, ... , 9TO B 110001 OKPECTHO-
ctu V 3TO#l TOUKHM JIEZKUT HEKOTOpasi OKpecTHOCTh Buaa U,,. Takue moce-
JIOBATEJIbHOCTH HA3BIBAIOT OA3NCHBIMU ®

VYapaxkHenusi. 1. KakoBo MHOKeCTBO Tex To4deK p € R, 111 KOTOPBIX
Ry € A (p)?

2. Merpuka a(z,y) := |arctanx — arctan y| mopoxkaaer CTaHIAPTHYIO
CHCTEMY OKPECTHOCTEH HA PACIITUPEHHON 911080 psimoii (§0.1). D10 nos-
BOJISIET PACIIUPEHHYIO YHMCJIOBYIO IPSAMYIO C €C OOBIYHOI CHCTEMOI OKPECT-
HOCTell U3y4aTh B PAMKAX TEOPUH METPUYECKUX IIPOCTPAHCTB.

OcHOBHBIE CBOMCTBA CUCTEMBI OTKPBITHIX MHOXKECTB.

1. O6bemuHenue Jg060ro ceMeificTBa OTKPBITHIX B X MHOYKECTB OTKPBITO
B X.

2. Ilepecedenne a1060r0 KOHETHOTO CEMENCTBA OTKPBITHIX B X MHOYXKECTB
OTKpPBITO B X.

3. ITycroe MHOXKecTBO () 1 BCC TPOCTPaHCTBO X OTKPBITHI B X ®

COBOKYIIHOCTh BCEX OTKPBITHIX B X MHOXKECTB HA3BIBAIOT 1MONO0A02U-
yeckol cmpyxmypoti pocTpancTBa X WIN Monoao2ueti TpocTpaHcTBa X .
Hpyroit cmbica caoBa "Tormostornst" — ydeHue 0 B3AUMHOM PACIIOJIOKEHUH.

ToBopsit, ato p € X aBasgeTcs MouKol NPUKOCHOBEHUA MHOHCECMEA
S C X, eciu B y1060it (Iake CKOJIb YIOIHO MaJIOi) OKpecTHOCTH V' TOYKH

12



p UMEIOTCA IIpeICTaBUTEJIN MHOZKECTBa S, T. €. eCJIi
YV eN(p) VNS LD

COBOKYITHOCTh BCEX TOYEK MPUKOCHOBEHUS MHOXKECTBa S B IIPOCTPAHCTBE
X HaswBIBAIOT 3ambvikanuem mrodcecmea S u obozHadaor cumBosom Cly S
i S, ecm SCHO, 0 KAKOM OOLeMJTIONIEM ITPOCTPAHCTBE HICT Pedb.

VYupaxkneuusi. 1. Kaxxnast Touka MHOXKecTBa S sIBJISIETCsI TOUKOI €ro
3aMBIKaHUs, T. €. S C S.

3. ScT=S8cT.

TlogmuoxkecTBO S mpocTparcTBa X HA3BIBAOT 3aMKHYMuLM B X, ecin
OHO COJIEPXKUT BCE CBOU TOYKM MPUKOCHOBEHUSI, T. €. COBIAJAET CO CBOUM
sambikanuem Cly S.

Tomonoruyeckuii KpuTepuii 3aMKHYTOCTU. MHOXKeCcTBO S 3aMKHY-
To B X TOrjia M TOJBKO TOrJa, Korga ero gomnojdenue X \ S OTKpBITO B
X.

OcHOBHBIE CBOMCTBAa CUCTEMBI 3aMKHYTBIX MHOXKECTB.

1. Ilepeceuenue Jir0bOro cemeiicTBa 3aMKHYTHIX B X MHOYKECTB 3aMKHYTO
B X.

2. Ob6bepunenue JOOONO0 KOHEYHOTO CEMENHCTBA 3aMKHYTBHIX B X MHO-
JKeCTB 3aMKHYTO B X .

3. Bce mpocTpanctBo X U IycToe MHOKECTBO ) 3aMKHYTHI B X ®

VYupaxknenusi. 1. IlpuBectu npumep HEOTKPHITONO U HE3AMKHYTOIO
MHOKECTBA, Ha UHCJI0BOII mpsiMoit R 1 Ha mockocTn R2.

2. Besikast 3aMKHYyTast £-OKPECTHOCTh TOYKHU SIBJISIETCS] 3aAMKHYTBIM IT0JI-
MHOXKECTBOM O0'bEMJIIOIIET0 METPUIECKOTO ITPOCTPAHCTBA.

3. OrkpbiTag (3aMKHYyTas1) 4aCTh HOAIPOCTPAHCTBA S IpocTpancTBa X
MOKeT He ObITh OTKPBITO (3aMKHYTOI) YacTbio npocrpancrsa X. IIpusecru
IIPUMEPBIL.

JlemMma 06 OTKPBITHIX (3aMKHYTBIX) YaCTAX HOAIIPOCTPAHCTBA.
IommuoxkecrBo A moxampocrpancrea S mpocTpaHcTBa X OTKPBITO
(3aMKHYTO) B S B TOM M TOJIbKO B TOM CJlyd4ae, KOIJa CYIIECTBYET TAaKOe
OTKpBITOE (3aMKHyTOE) B X MHOXKecTBO B, ut0 A= BNS. <4 »

TloamuokecTBO S TpocTpancTBa X HA3BIBAOT NA0MHBGIM B X, €CJIU €ro
zambikanme copnamaer ¢ X, 1. e. ecau Cly § = X.

Touky p € X HazbpIBAIOT 6Hympenned ToIkoil MHOKecTBa S C X, ecomm S
SIBJISIETCSI OKPECTHOCTHIO TOYKHU p. COBOKYITHOCTH BCEX BHYTPEHHHUX TOYEK
MHOXKecTBa S 0003HAUaI0T CUMBOJIOM Int x S.

Touky p € S Ha3BIBAIOT U30AUPOBAHHOT TOUKOW MHOXKECTBa S, ecjin

p ¢ Clx(S\ {p}).
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MuoxkectBo S C X HazbBaoT duckpemmovim B X, €CIM KaxKJias €ro
TOYKA M30JUPOBAHA.

Touky p € X Ha3BIBAIOT 2paku4HOT TOUKON MHOXKECTBA S, €C/IN KaXK1ast
ee OKpecTHOCTh U TiepeceKaeTcst Kak ¢ MHOXKECTBOM S, TaK ¥ C €ro JIOMOJTHe-
aHreM X \ S. COBOKYIHOCTB BCEX IPAHMYIHBIX TOYEK MHOYKECTBA, S HA3BIBAIOT
rpammmeii MuoxkectBa S B X 1 0603nauaoT cumsoaoM Fry S mm S.

B cumposax O (p, X), B:(p, X), #x, Clx, Intx, Frx, 6ykBy X 06br4uo
OITyCKAIOT, KOTJa $ICHO, K KaKOMY OOBEMJIIONIEMY MPOCTPAHCTBY X Takas
CHUMBOJINKA OTHOCHUTCSI, WU, KOTJ[a B PACCMATPUBAEMOM (PparMeHTe TeKCTa
OOBEMJTIOIINM MOXKET OBITH JII0O0Ee BHIOPAHHOE ITPOCTPAHCTBO.

VYupakuenusi. 1. Muoxkecrso S C X 3amMKHYTO (OTKpBITO) B X B TOM
U JIUIb B TOM ciydae, korga FrS € S (Frsn S = 0).

2. MuoxectBa Cl S u Fr S samkuyTter 8 X, a Int S orkpsiro B X.

3. FrS=(ClS)\Int S = (C1S)NCLX \ 9).

4. Clx S ecrp HamMeHnbiee 3aMKHYTOe B X MHOYKECTBO, COZE€pIKAIIee
S; Intx S ectp HAUbOIBIIIEE OTKPBITOE B X MHOXKECTBO, COZIEPIKAIIEecT B S.
Yro 3o o3nagaer?

5. CloCl = CL; IntoInt = Int .

6. Cl(AUB) =ClAUCIB. Int(ANn B) = (Int A) N (Int B).

7. Bepuo s, uro Cl(A N B) = (ClA) n (CIB) u wuro
Int(AU B) = (Int A) U (Int B)?

8. MHOXKeCTBO PAIMOHAJILHBIX YACE] U MHOYKECTBO MPPAIMOHATIHHBIX
qucesT TIOTHBI B R.

9. Mempuueckui kpumepuli naomnocmu. IlogmuoxkecTBo S MeTpude-
ckoro npocrpanctBa X IIOTHO B X B TOM U TOJIBKO B TOM CJIydae, KOTJa
JUTst Kaskoi Toukn p € X um Joboro € > (0 HaiijicTes Takash TOUKa S € S,
qaro o(s,p) < €.

10. MmuoxkectBo Q" panmoHaJIBHBIX TOYEK MPOCTpaHcTBa R™ MIOTHO B
R™.

ITapasnnenbHble IEpeHOCH! 1 TOMOTETHH IIPOCTPaHCTBa R™ niepeBoiaT o1-
KPBITbIe MHOYKECTBA, B OTKPBITHIE, 3aMKHYTHIE MHOXKECTBA — B 3aMKHYThIE,
a Takke mepectaHoBouHbI ¢ oneparusayu Cl, Fr, Int.

Huamempom MHOXKeCTBa S B METPHYECKOM IPOCTPAHCTBE HA3LIBAIOT
qucso diam S := sup{o(z,y) | z,y € S}. MuOXKecTBO S HA3BIBAIOT 02paHu-
yennvim, ecan diam S < co.

Paccmosmuem om mowku x € X do mmooicecmea S C X Ha3bIBAIOT
qucio o(x, S) := inf{o(x,s) | s € S}. Husa dyukuun o(x, S) nepemeHHO
x € X crpaBeJiJIuBO CJIYIONIee HEPABEHCTBO TPEYTOIbHIKA:

o(z,5) < o(w,2) + o(2,9).
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TlousiTHs, KOTOPBIE MOXKHO OTPEIETUTD, ONMUPASICH JIUIH HA TIOHITHE OK-
PECTHOCTU U Ha Ollepalliil TeOPUU MHOXKECTB, Ha3bIBAIOT MONO0A0LUNECKUMU.

Takum 00pa3zoM, MOHATHS £-OKPECTHOCTH, IHAMETPA, OTPAHMIEHHOCTH
U PACCTOAHHMS OT TOYKHU JI0 MHOXKECTBA ABJIAIOTCA METPUYECKHUMH, & BCE
OCTaJIbHBIE TIOHSITHUS TOTO maparpada — TOMOJIOTHIECKIMHU.

§7.3. Ilpenen

B danrvnetiwem 6 smoti enase 6yxeamu X,Y,Z o0b6o3nauwaromea mem-
puseckue npocmpancmea, oykeamu E u ' — nopmuposarnvie 6ekmopbie
npocmparcmsa 1ad nosem A € {R,C}, a caoso "npocmpancmeo” cuuma-
EMCA CUHOHUMOM Mmepmuna "mempuveckoe npocmparcmeo”.

VYupaxkHenusi. 1. O600mas monaTue mnpejesa YUCJIOBON MOCIeI0Ba-
TEJIbHOCTH, JIATH ONPEJIeJIEHHUE MIPEIesIa MOCIe0BATEIbHOCTH TOYEK Ly, TPO-
crpaHcTBa X.

2. Touka p € X npuHAIEKAT 3aMBIKAHUIO MHOXKecTBa S C X Torma
U TOJIBKO TOTJI&, KOIJIa UMEETCsl TaKasl [OCJIeI0BATEIbHOCTb TOY€EK Ty, € S,

q9T0 Ty — D
n—o0

3. Cexsenyuarvrvill kpumeputs 3amknymocmu. MHOXKeCTBO S 3aMKHY-
10 B X B TOM U JIUIIIb B TOM CJIydae, KOTJa S COMEPYKUT IIPEJIEIIbI BCEX CBOMX
[IOCJIEIOBATEIbHOCTE N, CXOIAIUXCS B IpocTpancTee X.

4. Eciu moce1oBaTeIbHOCTD TOUEK X, € X uMeeT mpejies B X, TO OoHa
VIOBJIETBOPSIET ycaosuro Kowu:

Ve>03ImeN: Vi, IleN(1>k>m= oz, z) <e).

ITocemoBaTEILHOCTS METPUYIECKOTO MPOCTPAHCTBA,  YIAOBJIETBOPSIONIYIO
yesioButo Koru, HazeIBaOT (hyHIaGMEHMANDHOT WITH TOCAEJ08AMEALHOCTIDIO
Kowu.

5. Jaunol nocaedogamesvHOCMU TOUYEK T, METPUIECKOTO MPOCTPaH-

cTBa X HA3BIBAIOT IHUCIO Y, 0(Tpn, Tni1)
n
a) I0CJIE/I0BATEILHOCTD KOHEYHOM JUIMHDL (DyHIAMEHTAIbHA;

b) Besikast mocseoBaTesibHOCTL Kot 061a1aeT M0 [IIocIe/[0BATe IbHO-
CThIO KOHEYHOM JIJINHBI.

6. Ycnosue Kormu He dABIIsieTCsl JOCTATOYHBIM JIJIs CYIIECTBOBAHUS Ipe-
JleJla B METPUYECKOM IIPOCTpaHcTBe. IIpuBecTu npumMepsl.

MeTpuueckoe IPOCTPAHCTBO, B KOTOPOM KazKJas II0CJIEI0BATEIHLHOCTD
Ko umeer pejies1, Ha3bIBAOT NoAHbLM. HOpMUPOBaHHOE ITOJIHOE BEKTOP-
HOE [IPOCTPAHCTBO HA3BIBAIOT OAHALOEHIM NPOCTPAHCINGOM.

Teopema. IIpocrpancrso R¥ Ganaxoso.

Cnencreue. Ilognpocrpancrso S mpocrpancrsa RF mommo B Tom n
TOJILKO B TOM CJIy4ae, KOTJa OHO 3aMKHYTO.
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VYupaxkaeuusi. 1. [lare onpejesenune cymmv, psda 3JIEMEHTOB HOP-
MHUPOBAHHOI'O IIPOCTPAHCTBA U 3aMETUTh, YTO UIEHBI CYMMHUPYEMOI'O PsiIa
CTPEMATC K HYJIO (HE0OT00UMOE YCAOBUE CYMMUPYEMOCTIU PAOQ).

2. Yb6enuThcst B TOM, 4TO JJIsT PAJIOB B JII0OOOM OaHAXOBOM IPOCTPAHCTBE
(E,||) cipaBemuBbL:

a) kpumepuli Kowu cymmupyemocmu pada: pan o, € E cymmupyem B
TOM ¥ TOJIKO B TOM CJIy4dae, KOTIa

l
Ve>0ImeN: VhIeN(I>k>m=|> af<e)
n=~k

(yeaosue Kowu cymmupyemocmu psoa);

b) npunyun cpasrenus: ecau mig paga o € E umeerca Takoi 9ucaoBoit
cymmupyembiii pst 3, 910 (o, | < Bn)n—oos TO DAL (f CYMMEDPYEM;

c) nepasencmeo Abeas: ecma uy > ... > u; > 0, TO

l J
{Zunvnlguksup ’Zvn|: jeik,... .1}
n—=k n=~k

JJIsI JTIOOBIX Vg, ... ,v; € F}

d) npusnax Abess—upuxae cymmupyemocmu pada: e€ciu U, — yObl-
BAOIAasl YUCJIOBas [TOC/IEI0BATEILHOCTD, CTPEMSIIIASICS K HYJIIO, U €CJIA Ja-
CTUYHBIE CYMMBI Psjia v, € [F 00pa3yior OrpaHMYeHHYIO MOCJIEI0BATE b-
HOCTb, TO PSIJT, UpVy CYMMEUDPYEM.

Ilycts p — TouKa nmpuKocHOBeHUs MHOXKecTBa S C X.

Mpb1 roBopum, 4rTo 6vickasvisanue P(r) sepro Npu T, CMPEMAUEMCH
K p no mmodscecmey S, m mmmem (P(x)),_p|s, €CIM y TOUKH p HMeeT-
cst Takasg OKpecTHOCTb V€ Ax(p), uro ®(x) cupasemmBo mpu jo6oM
x € SN V. MuoxkectBo S B 110/I00HOI CHUTyaIliyl HA3BIBAEM HANPAGAAIO-
wum k mouke p. lpunncky © — p|S gacro GbiBaeT yJ06HO IIOMENATD IO
omHuM u3 (bparMeHToB BbickasbiBanusg P ().

IIpumepst. 1. Eciu BoickasbiBanue P () crnpaBeiiuBo s KaxKIoil
TOUKH 2 HaIpaBJdionero MuoxkecTsa S, 1o (P(x))z—p|s-

2. jz] < 1079,

z—0|R
3. e > '  Tyr B xauecTBe 06HLEMIIONEro IPOCTPAHCTBA X
z—oo|R
HeIJIacHO BEICTyHaeT R.

Ilycts f — oTobpazkenune HeKOTOporo MHOKecTBa M mpocTpancTBa X B

MIPOCTPAHCTBO Y.
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Bynem rosoputs, uro gymnkuyus f(x) empemumesn x a € Y npu x, cmpe-

MAWeMCS K D no  muoocecrney S, u  umcarb  f(x) —>‘ a,
z—pl|S

ecm YU € A (a) (f(z) € U)y—ps, 1. €. ecmn YU € Ay (a) IV € Ax(p):
Ve e SNV f(z) eU.
Touky a B 3TOM Citydae Oyjuem Ha3bBATL npedesom Pynryuu f(x) npu

x, crpemsnemMcs K p 1o S, u obozuadars lim  f(x).
z—p|S

Ipunmcky z — p|S B yTBepKmenusix Buga f(z) — a, lim wu
soplS  s—plS
(®()) z—p|s OOBITHO 3aMEHSTIOT CJIETYIOTIMHE TTPUITHCKAMI:
x — p, ecau upeanonaraercs, uro S = Dom f \ {p} wim S = Dom @ \ {p};
r /' p,ecn X =R, S=]—o0,p[NDom f mmm S =| — oo, p [N Dom ®;

x\,p, eciit X =R, S =|p, 0[N Dom f nmu S =|p,co [N Dom P.
Hanpuwmep, e* > 2100 li}% signx = —1.
xX

T— 00
Ecmu S = N, 1o B KadecTBe IepeMEHHOI Jale BCEro UCIOIb3YIOT OYKBBI
n,k,i,j, a He x, a BMecTo npuiucku n — oo|N mumryT upocro n — oo.
Merpudeckuii Kputepuii cxoauMocTh. /i J1060ro oToOparKeHust
f ¢ Mcx — Y MeTpuYecKuX MPOCTPAHCTB CJEAYIOIINE YCIOBUS
DPaBHOCHJIBHBL:

2 fa) = ac:

b)Ve>035>0[VaeS (ox(z,p) <d= ov(f(2),a) <e);
0) oy (f(2), f(p)) — 0.

z—p|S

Huxe B sTOM maparpade paccmarpuBatoTcss QyHKIIAA BUAIA
f:Dom f —Y, rune Dom f C X.

YupaxxHeHus. 1. [Ijs orobpakeHnit METPUIECKAX ITPOCTPAHCTB CIIPa-
BeJIJIMBBI TEOPEMBI O €JIMHCTBEHHOCTH IIpeJieJia, O Ipejejie KOMIIO3UIMA U
Kputepuii cxoaumoctu leiine. Teopembl 0 TPOMEXKYTOUHON (DYHKIUU U O
HEPABEHCTBE IPEJIEJIOB CIIPABEJINBLI JIJIsI BEIIECTBEHHBIX (DYHKIIHIA.

2. Jlamuble B TJI. 2 ONpe/ie/ieHns aCUMITOTUIECKIX OTHOIIEHH CpaBHe-

Hust f(x) s o(g(z)), f(=) s O(g(x)) aBromMaTHUeCKH IEpeHOCSTCS

Ha ¢pyakmun Buga f : Dom f — E u g : Dom g — F. [Ipu aToM Bce cBoiicTBa
9TUX OTHOIIEHUH, OTMEUYEHHBbIE B IVI. 2, OCTAIOTCS CIIPABEJINBBIMA. AHa-
JIOTUYHOE YTBEPIKIEHUE CIIPABEJINBO U JJIs OTHOIIEHUS aCUMIITOTUYIECKON

sKBuUBaJieHTHOCTH f () NI g(z), rne f u g — ckangpuble HyHKIUHN.
z—p|S
3. Teopema o cymme mpedenos. Cymma TPEIESIOB SABJISETCH IIPEe-

JIOM cyMMbL: eciau E-snaunpie dyakuuu f u g takoesl, uro f(zr) — a,
z—p|S

glx) — bro f(z) +g(x) — atb.
z—p|S z—p|S
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4. Jlemma 06 ymroorceruu na beckoreuro maayro. Ilpousseenne acumii-
TOTUYECKN OTPAHUYEHHONH M OECKOHEYHO MaJIoi sIBJAsieTCsl GECKOHEYHO Ma-
noit: ecsm npn x — p|S dbyskuusa f(r) aCUMOTOTHYECKH OrpaHWYeHa, a

dyukuusa g(x) crpemurca K myio, 1o f(x)g(x) *)‘S 0.
T—p

5. Teopema o npoussedernuu npedenos. IlpomsBeienne mMpeesion siBs-
ercs IpeleoM IIpon3BeneHns: eciau A-sHaunas GyHKuud f u F-sHaunas
dyskuusa G takosel, uro f(x) — a € A, g(z) — b € E, 10

z—plS z—p|S
f@)g(z) — ab.

p|S
6. Teopema 06 obpammoti sesunune npedesa. ObpaTHas BeJIUINHA, Ipe-
JleJIa, SIBJISETCS IIPEIeJIOM OOPATHON BeJWYMHBL: ecin A-3Haunas pyHKIUsS
f makoma, yro f(z) — a#0, 10 ﬁ — %
z—p|S z—p|S

§7.4. HenpepbIBHBIE OTOOpa>KeHMUS

ToBopsit, uTo oTobpazkenue f: X — Y HempepbiBHO B TOUKe p € X, ecjin
f(z) —>| f(p). Orobpaxenue f: X — Y Ha3BIBAIOT HENPEPLISHBIM, €CIIH
z—p|X

OHO HEIPEPBIBHO B KaxK 101 Touke p € X.

Tomosnoruvyeckuii Kpurepuii HeNpPepHLIBHOCTH. Orobpazkenne
f X — Y menpepniBHO B TOuke p € X B TOM U TOJIBKO B TOM CJiydae,
Koryia poobpas Jiroboit okpectHocTn Toukn f(p) € Y siBisiercst OKPECTHO-
CTHIO TOYKH P :

(YU € A (f(p)) f71(U) € Ax(p))-

VYpaxkaeuusi. 1. Besikoe niocrosinaoe orobpaxkenue f: X — Y Hemnpe-
PBIBHO.

2. ToxkmecrBennoe orobpaxkenne id: X — X HEIpPepbIBHO.

3. Ilycte S — mommpocrtpancrBo mpocrpancTBa X. Orobparkenwue
g: S — X, onpenensemoe pasencrsoM ¢(xr) = x V& € S, HenpepbiBHO.
Ero nazwiBator mooicdecmeenrivim saoorcenuem S B X.
< BocnobzoBaThest 1eMMOil 06 OTKPBITHIX 9acTAX MOAIPOCTPAHCTBA. >

4. HenpepbIBHOCTb B TOYKE SIBJISIETCS JIOKAJIBHBIM IIOHATHEM: OTOOpa-
xenne f : X — Y okaxercsi HempepbIBHBIM B Touke p € X, ecymm B X
OTBIMIETCS Takasi OKPECTHOCTH U 3TOI TOYKHU, UTO Cy’KEHHOE OTOOpasKeHMe
f:U — Y HempepbIBHO B TOYKE P.

5. Ilyctrb X = AU B. Orobpaxenne f: X — Y HenpepblBHO B TOY-
ke p € AN B Torma u TOJBKO TOTJA, KOrjga orobpaxenusi f: A — Y u
f: B — Y menpepoiBabl B Touke p. Orobpaxkenue f: X — Y moxer He
OBITH HEIPEPBIBHBIM B TO BpeMs, Kak ero cyxenus f: A —-Y u f: B—Y
HenpepbiBHbl (ipumep: f(z) := max (0, signx)).
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Teopema 0 HempepbIBHOCTH KoMMoO3umuu. Ecjim orobparkeHue
f:X —Y HenpepbiBHO B TOUuKe p € X, a orobpakeHue ¢:Y — Z HEIPEPHIBHO
B Touke ¢ = f(p), TO orobpaxkenue g o f: X — Z HENPepbIBHO B TOYKE P.

JlemMMa 0 HEITPEPHIBHOCTHU IIPOMEXKYTOUHOM dyHKIuu. Ecim GyHk-
mun f,u,v: X — R makoBel, uyto f(x) € [u(x),v(z)], dyukuuu u u v Henpe-
pbiBHBL B Touke p € X u v(p) = u(p), To dbyHkuus f HeupepbIBHA B TOUYKE
p.

Merpudeckuii KpUTepUil HENPEPBIBHOCTU. Orobpazkenue
f: X — Y wmenpepniBHO B Touke p € X B TOM W JIUIIb B TOM CJIy4ae,
Kol Jist Kaxkjoro € > 0 maidigercs takoe yucyo d > 0, 9T0 u3 ycjaoBusi
ox (z,p) < § caenyer nepasencrso gy (f(x), f(p)) < e.

KoopauuatHbiii kKpuTepuii  HempepbIBHOCTH. DyHKITHIST
f="0, ., fk): X =Y =Y x...x Yy uneupepoiua B Touke p € X
B TOM U TOJIBKO B TOM CJIy4ae, KOTJa KaxKjasi ec KoMmroHeHTa f;: X — Y;
HEIIPEPBLIBHA B TOYKE P.

JIlemMma o HempepbsiBHOCTH npoeknuii. [Iycts X = X7 x ... x X} —
IpOM3BeJieHre MeTpudecKux npocrpancrB. Orobpaxenue 7; @ X — X,
ompegessiemoe hopmyiioit m; (21, . .. ,Tg) = T;, HenpepbiBHO. Ero naswsaioT
Kanoruveckotl npoexyuets dexapmosa npoudsedenus Ha i-ii COMHOXKUTEb.
<« OrobparkeHue m; He yBEJIUINBACT PACCTOSHUS. B

Kanonudeckyro npoekiuio npocrpanctea R” — R Ha i-if COMHOXKXUTEH
HA3BIBAIOT ©-1 Koopdunamol M Jalne Bcero obo3Hadaior jaubo x;, jambo y;,
6o t;. Takum 0b6pazoM, i-s1 KOOPAMHATA T; COIMOCTABJISET KAXKJONH TOUYKE
p=(p1,-..,pn) € R™ gucyo p;, T. e. i-10 Koopauuary roit Touku. Ciemno-
BaTesbHO, HAOOD T = (1, ... ,Ty) CMANIGPMHHIT KOOPAMHAT IIPOCTPAHCTBA,
R™ mpeacrasiisieT cob0# TOXKIECTBEHHOE 0TOOPaYKEHUE ITOr0 IPOCTPAHCTBA
(z(p) = p)-

Ha C i-10 xanonutueckyio npoekiuio npocrpancrsa C" garme Bcero 060-
3HAYAIOT CUMBOJIOM Z;.

VYupaxkuenusi. 0. Paccrosuue g(x,S) or Touku x 10 mMHONKECTBa S
KaK (PYHKIINs [IEePEMEHHON T HEIIPEPBHIBHO.

1. Beakwuii nosmmaom P(zq,... ,Z,) OT N HepeMeHHBIX, KO3bOUIMEeHTbI
KOTOPOT'O CyTh BEKTODBI IIpOCTpaHcTBa F, 3a/macT HenpepbiBHOE 0TOOpaXKe-
e P: R" — FE. B gactHoCcTH, Besikoe JimHeiiHOoe oTobpazkenue [: R” — F
HEIIPEPBIBHO.

2. s s1:060ro HOPMUPOBAHHOI'O BEKTOPHOI'O IpOCTpaHcTBa E Hempe-
PBIBHBI CJIEIYIONTHE OTOOPAXKEHUSI:

wopma | |g: E — Ry

omeparusa cioxkenns +: E X E — E,| onpenensemas pPaBeHCTBOM
() -y
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omepalusi yMHOXKEHUsI BEKTOpa Ha ckaJisip - : A X F — E, onpenesisiemast
paBeHcTBOM - (A, ) := Ax.

3. HemnpepbIBHBI CJIeIyIOIIHE ONEPATIHN:

ckasapHoe mpomsseenue ( , ) : RF x RF — R;

BEKTOpHOE IIpousBeierne X : R3 x R? — R3;

onepanya yMHOXKeHust MaTpull, -: My ; X M . — My 3

nperepmunanT det: M, , — R.

3aecs My, ; — MHOXKECTBO BEIECTBEHHBIX MATPHIL U3 1 CTPOK U Kk cTOJIO-
LOB. JIiobyro marpuiy a € M, cuUnTaeM CHCTeMO# CTOJIOIOB
a1, ... ,ar € R™. TeM caMbIM OTOXKIECTBISIEM MHOXKECTBO (n X k)-Marpur ¢
npocrpancteom (R™)F = R

Tomosioruveckuii kKputepuii rj00aJIbHOI HENPEPBIBHOCTHU.
Caenyromue Tpu cBoiicrBa orobpazkerus [ : X — Y 3KBUBaJIEHTHBI:

(a) orobpakenue f HeNpepbIBHO;

(b) mpoobpaz f~1(V) Beskoro oTkpbiToro B Y MHOKecTBa V OTKPBIT B
X;

(c) mpoobpas f~1(S) moboro samxHyTOrO B Y MHOMXKECTBa S 3aMKHYT B
X.

< (a) = (b). Ecyim U orkpbito B Y, T0o MuONKecTBO f~1(U) siBnsier-
CsT OKPECTHOCTBIO KaXKJIOUW CBOEH TOYKU B CHUJLY TOIIOJIOTMYECKOTO KPUTEPUsT
HEIIPEPBIBHOCT.

(b) = (¢). Ecin Z 3amkHYTO B Y, TO COIVIACHO TOIOJOIHTIECKOMY KPUTE-
pwmio zamkayToctr (Y \ Z) orkpeiro B Y. B cuny (b) f~1(Y \ Z) orkpwiTo
BX. Atak kak f~ 1Y\ Z) = X\ f1(2), To f~1(Z) samxuyTo B X.

VYupaxuenne: (c) = (b) = (a). »

DyHKINOHAJBHBI NPU3HAK OTKPBITOCTH. MHOXKecTBO, ompese-
JisteMOe KOHEYHOW CHCTEMOIl CTPOTMX HEPABEHCTB, JIEBble U IIPABble YaCTH
KOTOPBIX CyTh HEMPEPBIBHbIE (DYHKIIUU HA MPOCTPAHCTBE X, OTKPHITO B X.

D yHKINOHAJBHBI OPU3HAK 3aMKHYTOCTU. MHOXKecTBO, orpeje-
JeMOoe IIPOU3BOJILHONA CUCTEMOil, coCTodAllell U3 ypaBHEHU U HECTPOruX
HEPABEHCTB, JIEBBIE U MPABbIE YACTU KOTOPBIX CyTh HEIMPEPBIBHbIE (DYHKINN
Ha mpocTpancTBe X, 3aMKHYTO B X o

<€ 0. Iycte M = {z € X: ®;(x), i€ I} u M; ={x e X: ®i(x)}, i €1,
rie (®;(z): i € I) — npoussosbHOE CeMeficTBO GOpMy.L.

Torna M = (| M;.
el

1. IMycrs ®;(z) = (fi(z) < gi(x)), 7 € {1,...,k}, vue fi, g; — Henpe-
poiBHble BemecrBennble dbynkuun Ha X. Torma M; = {x € X: ®;(z)} =
={z € X: h(z) := (filz) — g;(x)) < 0} = h7'(] — 00,0[) orkpeITO B X,

ubo | — 0o, 0] orgpsiro B R. CrenoBaresnsno, MaOKecTBO M OTKPBHITO B X

20



Oy/yun IepecedeHneM KOHEYHOI'O YUCJIa OTKPBITBIX MHOXKeCTB M.
2. Ilycrb I — npou3BOJIbHOE MHOXKECTBO UHIEKCOB, f; U ¢; — HEIIPEPDHIB-
Hble BellecTBeHHble pyHKInu Ha X, ¢ € [.

Ecm @;(z) = (fi(z) < gi(z)), To
M;:={z € X:®(z)} ={z € X: h(z) = (fi(z) — gi(x)) <0} =

= h7Y(] — 00, 0]) samxmyTO B X, 60 | — 00, 0] 3aMKHYTO B R.
Ecm @;(z) = (fi(x) = gi(z)), To

M;:={z € X: ®i(z)} = {w € X: h(z) := (fi(x) — gi(x)) = 0} =

= h~1({0}) samxuyro B X, u6o muoxecrso {0} samkuyro B R.

CaenoBarenbao, MHOXKECTBO M 3amkHyTO B X, Oyaydn mepecedeHueM
3aMKHYTBIX MHOXKeCTB M;. »

CnencrtBus. 1. Cmandapmnasn n-mepnas cepa S™ := {z € R |z =
1} u emandapmmoud n-meprod wap B™ == {z € R™: |z| < 1} — 3aMKHyTBIE
HoaMHOMXKecTBa rpocTparcTs R™ ! i R™, cooTBeTCTBEHHO.

2. T'pyuna GL(n) o6paTuMbIX 1 X N-MaTPUIL SBJISIETCH OTKPBITHIM MHO-
»KecTBOM npocrpancTBa L(n) := My, .

3. I'pyuna O(n) OpTOrOHAJILHBIX 1 X N-MATPUL] OrPAHUYEHA U 3aMKHYTa
B npocrpancrse L(n).

Orobpaxkenne f: X — Y meTpudeckoro mpocrpancrsa X B MeTpuUde-
CKO€ IPOCTPAHCTBO Y HA3BIBAIOT PAGHOMEPHO HENPEPLIGHDIM, €CITA JIJTA KazK-
zoro € > 0 cymecTByer 0. Takoe, UTO U3 ycaoBust 0x (,2') < 0. BbITEKAET:
oy (f(z), f(z')) < € (cpaBHUTB C METPHYECKNM KpUTepHeM HelPepbIBHO-
cTH).

Vapaxkaenus. 1. Bceakoe paBHOMEpHO HeNpPepBIBHOE OTOOpPasKeHUE
HeIIpepbIBHO.

2. Qyskmus f(z) = x
HellpepbIBHA.

3. Orobpaxkenue f : X — Y paBHOMEPHO HEIIPEPBIBHO, €CJIU HAMJICTCS
rakas dynkmusa b : Ry — R, aro h(t) o 0oy (f(z), f(z)) < h(ox(z,z))

2 : R — R HempepsIBHA, HO He PABHOMEPHO

st iiobbIX x, 2z € X. Takyo QyHKIHMIO 9acTO HA3BIBAIOT MOJYAEM HENpe-
pueHocTIU 0Mobpadicenus f.

Orobpazkerune f MeTpPUYECKOrO MPOCTpaHCTBA X B METPUYECKOE IIPO-
CTPaHCTBO Y HAa3BIBAIOT AUNUULESDIM, ECITU CYIECTBYET TaKas KOHCTAHTA
c < 00, 9TO

gy(f(a:),f(z)) < cox(z,z) Vx,z € X.
HukHIOIO rpaHbh MHOXKECTBA BCEX TAKUX KOHCTAHT C, JIJIsl KOTOPBIX CIIpa-
BezyiuBa Ta Gopmysia, oyaeM oboznadars lip(f) u HA3BIBATL KoHCMAKMOU
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Junwuya omobpascerus f.

Koncranty Jlummmura guneiinoro orobpakenus a : F — F HopMmupo-
BAHHBIX IIPOCTPAHCTB HA3BIBAIOT HOPMOU onepamopa a u 06o3HavaoT |al.

VYopaxkHenusi. 1. Bcegkoe summuiieBo oToOparkeHre paBHOMEPHO He-
IIPEPBIBHO.

2. Orobpaxkenue f(z) = v/z: Ry — R, paBHOMEPHO HENPEPHIBHO, HO
HE JIUIIIIATIEBO.

3. Ecm byskums f muddepennupyema Ha mnpomexyrke T C R, To

lip(f) = sup{| f'(D)]: ¢ € T},

4. lip(f) = Sup{%: x,z € X, x # z}. Vlmes B Bugy sty dop-
MYJLy, KOHCTAHTY JIUIIIuIa BerecTBeHHON (DyHKITNN HA3BIBAIOT KPYTU3HOM
ec rpaduka.

5. KakoBa koncranta JIUmimuna mpoekIuu JIeKapTOBa TPOU3BEICHUST
MEeTPUYIECKUX ITPOCTPAHCTB HA OJUH U3 COMHOXKUTEJEH?!

6. Haiitu koncranry Jlunmuna dynkuun o(z, S) B TOM ciaydae, Koraa
S mwrotHo B X, B TOM cjIydae, Korja S HemaoTHO B X.

OrobpazkeHne @ HA3BIBAIOT CHCUMAIOULUM, €CJIH €ro KOHCTaHTa, JIummm-
1a lip() MEHBIIe €JUHUIBL.

Teopema 0 HENMOABU>KHOU TOYKE CXKMMAIOIIET0 OTOOpa>KeHMUs.
Besikoe cxxumartoriiee orobpaxkenue ¢ @ X — X HEMyCcTOro MOJJHOTO METPH-
9eCcKOro MPOCTPAHCTBA B cebst 00J1a/1aeT HEIIOJBUXKHOM TOYKOIi, T. €. TaKoit
roukoii p € X, uro p = p(p).

<« Ilycrs g — Kakas-aHuOyb TOUKa npocrpanctsa X, x1 = ¢(xg),. .. ,
Tn = @(Tn—_1),... 1 c=lip(p). Torna

0(xp, Tni1) = 0(@(@n-1),0(zn)) < co(Tp_1,2n) ... < "o(z0, 21).
IMockonbKy ¢ < 1, TO JIIMHA paccMATPHUBAEMOI MOC/IeI0BATEILHOCTH
< ozo,m1) C
0T, 1) < FFE < oo, CresioBaTesIbHO, TOCHIEI0BATEILHOCTD Ty,

n
dynmamentaabaa. Tak kKak X MOJHO, TO T, CXOJUTCS K HEKOTOPOW TOUKE
peX.

Orobpazkenne ¢ HEIPEPBIBHO U TOTOMY

o(p) = lim p(z,) = lim x,.; = lim x, =p. »
n—oo n—oo

n—oo

"Kourpupumep". @yuknust ¢ : R — R, onpenesnsiemasi paBeHCTBOM
p(z) = x — arctanx — 2, yMeHbIIAET PACCTOSIHUS, HO He OOJIaJAeT Hero-
JIBU2KHOU TOYKOM.
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HemnpepsiBaoe otobpaxkenue f : X — Y Ha3bIBAIOT MONOAOLUMECKUM
U3OMOPPUIMOM TITA 20MEOMOPPHPUMOM, €CITH UMEETCsI TAKOe HEIIPEPHIBHOE
orobpaxenue g : Y — X, uro go f :=idx, a fog = idy. npiMu cioBamu,
romMeoMopdu3M — ITO HEIIPEPHIBHOE OTOOparkeHne, 00J1a/1al0Iee HellPEPhIB-
HBIM OOPATHBIM.

IIpocrpancrsa X u Y Ha3BIBAIOTCH 20MEOMOPPHHOIMYU UITH TONOAOUYE-
KU u3oMOpPrvLmu, ecau cymiecTByer romeomopdusm f: X — Y.

ITpumepsr u ynpakHeuusi. 1. Ecim f: T — R — HempepbiBHAst
uHbekTuBHAs (DyHKIUA Ha npoMexyTke T, 1o orobpaxenue f: T — f(T)
ectb romeomopdusm, a MuoKecTBO f (1) ABJISETCH IPOMEKYTKOM TOIO K€
TuIa, 910 u 1.

2. Orobpaxkenne z: [0,27[— S!, samasaemoe dopmymoit z(t) = e,
HEMPEPHIBHO 1 OMEKTUBHO, OJTHAKO 0OpaTHOE K HEMY OTOOparkKeHne pa3phiB-
uo B Touke 1 € C.

3. TomeoMopdHBL: &) OKPYKHOCTb U JUIAIC, 6) KPYI' U KBaJIpaT, B)
mI0cKoCcTh R? 1 OTKPBITHIN KBajiparT, T) map u Ky6 B R3.

4. Besakoe OuekTuBHOE JnHEHOe oToOpakeHne R™ — R™ apjsgercsd ro-
MeOMOP(U3MOM.

5. Curejryroriiue Tpu CBORCTBA HEIIPEPBIBHOIO OUEKTUBHOIO OTOOPAYKEHM ST

9KBHUBAJIEHTHBI:

a) f — romeomophusm;

b) f mepeBoAUT OTKPBITHIE MHOXKECTBA B OTKPBITHIE;

¢) f mepeBOIUT 3aMKHYTBIE MHOJKECTBA B 3aMKHYTHIE.

st TOro 9TOOBI YCTAHOBUTH, YTO MpOCTpancTBa X u Y HeromeoMopd-
HBI, HAJI0 yKa3aTh KAKOe-JIN0O TOMOJIOIMIeCKOe CBOMCTBO, KOTOPBIM OJIHO U3
9TUX IIPOCTPAHCTB 00JIAJIAET, & JIPYroe HeT.

CBoiiCcTBO &/ METPUYECKUX TIPOCTPAHCTB HAZBIBAIOT MONOAO2UYECKUM,
€CJIM U3 TOTO, YTO IPOCTPaHCTBO X 00JaJaeT CBOWCTBOM &, CJIEHYET, 9TO
Jitoboe pocTpaHcTBO Y, romeoMopdHoe X, TakKke 06J1agaeT CBOMCTBOM o7 .

Hampumep, dnciio Touek mpocTpaHCTBA — TOMOJOIHYECKOE CBOUCTBO.

IIpocrpancTBo X HaA3BIBAIOT AUMETHO C6A3HbIM, €CIIN JIIOObIE JIBE €ro
TOYKU COEIWHUMBI IIyTCM, T. €. €CJIA i JIFOOBIX JABYX TOYeK p,q € X
CYIIECTBYET TaKoe HelpepbiBHOE oToOpaxenue v: [a,b] — X, uro v(a) = p
uy(b) = q.

VYupaxkHeuus. 1. O0Opa3 JIMHEHHO CBSI3HOTO MPOCTPAHCTBA IIPU HETl-
PEPBIBHOM OTOOPAYKEHIY JTMHEHHO CBSA3EH U, CJIEI0BATEIIHHO, JIMHEHHAS CBSI3-
HOCTb SIBJISIETCST TOITOJIOTUIECKUAM CBOHCTBOM.

2. Eciyiz B mpocrpancTBe X TOYKa p COEIUHUMA ITyTCM C TOYKOM ¢, 8 TOY-
Ka ¢ — C TOYKOM 7, TO TOUKU P U 7' COEIUHUMBI IIyTCM B IpocTpancTse X H,
CJIEJIOBATENIBHO, O0beIMHEHNE JTI0DOT0 CeMefiCTBA TIOMAPHO TEPECEKATOTIIXCST
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JINHEHHO CBA3HBIX MTOJIIPOCTPAHCTB MPOCTPAHCTBA X JIMHEIHO CBA3HO.

3. TIpocrpanctso R™ \ {0} u cdepa S"~! numeitno casnbI IpH 1 > 2.

4. Pycckuit angaBuT COIEPKUT TPU HE JIMHEHHO CBsI3HBIE OYKBBHI.

5. Besikoe TMHEITHO CBSI3HOE TOAMPOCTPAHCTBO YUCTOBOM TPSAMOM sIBJIsI-
€TCsl IIPOMEXKYTKOM.

6. KonmmaecTBO KOMIIOHEHT JIMHEIHON CBS3HOCTU IIPOCTPAHCTBA SIBJISIET-
cst TonosioruyeckuM csoiicreoM. (Herrycroe smHeiiHO ¢B3HOE HOIIIPOCTPAH-
ctBo L mpocrpancTtBa X HA3BIBAIOT KOMNOKEHMOU AUHETHOT C8A3HOCTAU
npocmparncmea X, €Cau OHO HE COJEPKHUTCS B 0Ojiee MIUPOKOM JIMHEHHO
CBSI3HOM TIOJIIIPOCTPAHCTBE. )

7. IlpomexKyTKHU pacIiupeHHOM YUCIOBOM IIPSIMOIT OJTHOIO HANMEHOBAHUST
rOMEeOMOPMHBI, a Pa3HbIX HAUMEHOBaHWiT — HeT. [IpOMeKyTOK m OKpYyK-
HOCTB HE TOMEOMOPHBI.

8. Kakue 3arsiaBHble OYKBBI JIATUHCKOIO ajipaBUTa TOMEOMOP(HBI MEXK-
Jy coboii, a xkakue Her? Ilpeamosaraercs, 9To GYKBa €CTh IOIMHOXKECTBO
miockocTn R2, cocTaBieHHOe U3 HECKOJIBKUX OTPE3KOB.

Nudopmanus. Ecian 3aMKHYTBIE TTOIMHOXKECTBa S U Z NPOCTPaH-
crBa R"™ romeomopdHsl, TO ux jgonosiHenust R™\ S u R™ Z umeror ojuHako-
BOE KOJIMYECTBO KOMIIOHEHT JIMHEHHOH cBasHocTH (mmeopema Anexcandepa—
Iowmpseuna). B gacrnocru, eciiu S romeomopdno k-MepHOMY mIapy, TO
ero JlonoJiHenye JHeitno ceasuo. A ecim S romeomopdno chepe S, 1o
€TOJIOTIOJTHEHNE COCTOUT U3 IBYX KOMIIOHEHT JIMHEHHON CBA3HOCTH (meopema
2Kopdana—Bpayapa).

Teopema. I'pynuna GL(n) o6paTuMbix MaTPUI] COCTOUT U3 JIBYX KOM-

HOHEHT JmHelHo# cBssHocTH: GLT(n) := {z € L(n): detz > 0} m
GL (n):={x € L(n) : detx < 0}.
<« Ilycrs eq,... e, — cranmaprublit 6asuc npocrpancrsa R™. g Bes-

KOT'O IHCyIa § CUMBOJIOM €(d) 0603HAUNM MATPHILY, TIEPBBIH CTOIOET] KOTOPOi
€CTh BEKTOp 0€1, a i-Thlii CTOJIGEI COBIAIAET ¢ BEKTOPOM €; IpH ¢ > 1.

[Ipocroit mepecTpoiikoit MATPUITGI HA30BCM OIEPAINIO MPUOABICHAST K
OJTHOMY M3 €C CTOJIONOB JIMHEHHOW KOMOWHAIIMN OCTAJIbHBIX CTOJIOIOB.

1) Hua kaxnoit marpuiel a € GL(n) cymecTByer Takas NENOYKa MaT-
pui ag,...,ar € GL(n), 9r0 ag = a, ar = e(d), a; moIyUeHa TPOCTOI
IepeCTPONKON U3 a;_1.

2) Ecau marpuna b nosydena u3 a € GL(n) npocroii mepecTpoikoii, To
oTpe3oK |a,b] C GL(n).

3) Econ § # 0, 1o [e(9), e(signd)] € GL(n).

4) Ecm warpunpl ¢ u b coemunumbl myreM B GL(n), 1O
signdet a = signdet b. »

IMockonbKy Kaxkaas (n X n)-marpuia A sBisiercs CHCTeMON CTOJIOIOB
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Ay,..., A, € R", 1o rpynma GL(n) npexacrapisier coboil MpOCTPAHCTBO
6a3ucoB BekTOpHOrO mpocrpancrsa R™. Basucel a,b € GL(n) HasbBaoOT
00UHAKOBO OPUEHTNUPOBAHHBIMU, €CJTU OHU COEIMHUMBI IIyTCM B IIPOCTPAH-
crBe GasucoB GL(n) u — npomusonosodicho opueHmuposarHbMY B HTHOM
caydae.

Kpurepuii coopuenTupoBaHHOCTU 06a3mcoB. basucel a u b mpo-
crpancTBa R™ OMHAKOBO OPHEHTHPOBAHBI B TOM W TOJBKO B TOM CJIy4ae,
korga sign (det a) = sign(det b).

VYopaxHeHusi. 1. ['pymma opTOroHaJbHBIX MATPHUIL COCTOUT U3 JIBYX
KOMIIOHEHT JinHeiiHoi cBs3Hoctu. (Bemomunre o npeobpazosanun I'pama—
IMmugra GL(n) — O(n).)

2. Ipocrpancrso U(n) yHUTAPHBIX (N X n)-MATPUI] JIUHEHHO CBSI3HO.

§7.5. KommmakTHOCTB

ToBopsiT, uTo cucrema MHOXKecTB w = (U; C X: i € I) nokpwuieaem

MHOXKECTBO S WIIN SIBIISIETCST nokpumuem MHOXKecTBa S, ecim S C | U;.

i€l
IMokpbITHE W HA3BIBAIOT OTKPBITHIM, €CJIU KAXKBIA €ro 3J1eMeHT (MHOXKECTBO
U,) siBisgieTcs OTKPBITOI 9acThio npocrpadcrea X.

Teopema Bopens—Jlebera. Jlioboe OTKpBITOE MOKPBHITHE OTPE3KA
9UCJIOBOI TPAMON R COEPKUT KOHEIHOE TOIIIOKPLITHE.

<« IIycrs w = (U;: @ € I) — oTkpbITOE NOKpBITHE OTpe3ka Ty = [a, b].
MmuoxkectBo S C Ty HA3BIBAIOT W-OMPAHUIEHHBIM, €CJIU UMEETCs KOHETHBIN
Habop Ui, , ... ,U;, 2jIleMeHTOB IOKPBITHUs w, MOKpbIBatonuit S. st kpar-
KOCTHU TaKH€ MHOXKeCTBa 6y;[‘eM Ha3bIBaTh XOPOIINMU. Hama neJjib — yCTa-
HOBHTB, YTO OTPE30K () XOPOTIII.

Homyerum, aro orpesok Ty miox. Torma ojiHA M3 ero MOJOBUHOK [a, c|
wm [c,b] (¢ = “5P) okaxercst moxoii, n60 oGbe/HeHHe JBYX XOPOUIMX
MHOZKECTB SIBJISIETCSI XOPOIIMM MHOXKecTBOM. IlycTh 17 — mroxast OJIOBHH-
ka orpeska 1y, ..., T, — mioxas mojgoBuHKa oTpe3ka 1, _1,... . CornacHo
MPUHITAILY BJIOXKEHHBIX OTPE3KOB, CYMIECTBYET TOYKA P, PUHAJICIKAIIAS
KayKJIOMy U3 3TUX OTPe3KOB. IlycTh U; — 3JleMEHT OTKPBITOTO MMOKPBITHS W,
cozepzkarmii Touky p. [lockonbKy U; sIBJIsieTCsI OKPECTHOCTBIO 9TOH TOYUKH,
a Juamerp orpeska T, paseH 27 "|b — al, To HalijcTCS TaKol HOMED M, UTO
T, C U;. 9To 03Ha9YaeT, YTO IJIOXOH OTpe30K 1), XOpOoIl — IPOTUBOpEYHE.
| 4

VYupaxkHeuus. 1. g uHTEPBAIOB U MOJIYyUHTEPBAJIOB MMOI0OHOE yT-
BEpXKJIEHNE HEBEPHO.

2. BepHo i1, 9TO BCSKOE MOKPBITHE OTPE3KA, COCTOSIIEE U3 OTPE3KOB,
COJIEP?KUT KOHEYHOE MOIITOKPLITHE?
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IIpocrparcTBo X HA3BIBAIOT KOMNGKMHbLM, €CJIA BCIKOE €r0 OTKPBITOE
ITOKPBITUE COMEPKUT KOHEUHOE IOIOKphITHE. KOMITAaKTHOE ITPOCTPAHCTBO
9aCTO HA3BIBAIOT KOMTAKIIOM.

Teopema BeiiepiniTpacca 06 3kcTpemyMax. Ha mHemycrom KOMITak-
Te BCsKasl HEMpephIBHAS BEIeCTBeHHAasT (PYHKITUS 00/1a/1aeT HANOOIBITNM 1
HANUMEHBIIINM 3HAYECHUAMU.

<« Ilycre f: K — R — HenpepbiBHAsT (QYHKIUsT HA HEILYCTOM KOMIIAKTE
K u h :=sup f(K). Hama nenp — ycranosuts, 9o h € f(K).

Hormyctum, aro sto He tak. llycrs yg < y1 < ...y, < ... — Kakas-
HUOY/Ib TTOCTETIOBATENIBHOCTD, cxoasmasicsa K h. s Kaxkmoro nomepa n mo-
aoxkum U, = {x € K: f(z) < wyn}. Jlerko Buzmerh, uTO
Up CcUy...U, C Upiq.... Kpome toro, xaxknoe U, orkpbsiTo B K co-
racHO (DYHKIIMOHAJIBHOMY KPUTEPUIO OTKPBITOCTH. VU HaKOHeI, KaxKIas
rouka x € K jexur B HeKoropoMm U, ubo 1o nameii runorese f(z) < h u
HOTOMY HARJICTCH TAKOe UUCIIO Yy, 9TO f() < Yp.

Takum o6pa3oM, BO3pacTalonias MocaeI0BaTe/IbHOCTL MHOXKecTB U, 00-
pasyeT OTKPBITOE MOKPhITHE KoMIIakTa K u moromy Haiijcrcst Uy, , TOKphIBa-
fommee K. D10 osmauaer, uro f(z) < y, Vo € K Crago ObiThb,
Yn = sup f(K) = h — abeypa!

Hajuune HauMeHbliero 3uadeHusl ycraHaBuBaercs anajgorunguo. (s
4ero Obl1a Hy2KHa Hemycrora K7) »

Caencrusi. 1. Ha xomnakTHOM mnpocTpaHcTBe Jiobasi R-3HaunHast
HelpepbIBHAs (DYHKIINSI OrPDAHUYIEHA.

2. Beskoe KOMIIAKTHOE METPUYECKOE TTPOCTPAHCTBO OIPAHUIEHO.

JlemMma 1. 3aMKHYTOE HOIIPOCTPAHCTBO KOMIIAKTA KOMIIAKTHO.

« Ilycre 7 3amMKHYTOEe HOJIPOCTPAHCTBO KOMIakTa K u IycTh
(Ui € Z: i € I) — OTKpbITOEe HOKpBITHE TOro mnojupocrpaucrea. Co-
IJIACHO JIeMMe 00 OTKPBITBIX YaCTsIX IMOJIIPOCTPAHCTBA, M KaXKJI0ro ¢ € [
nMeeTcs TaKoe OTKpbIToe B K mHOXKecTBO Vi, wrto U; = V; N Z.

IMycts A:= K\ Z u A; :=V; U A. MuoxecrBo A orkpsito B K, uto Z
samkHyTO. Crnenosarenbro, A; orkpeiro B K. Cemeiicto (A;: i € I) or-
KPBITBIX MHOYKECTB IIOKPBIBAET KOMIAKT K ¥ IIOTOMY COJIEPXKUT KOHEIHbII
unabop A;,, ..., A;, ,nokpemawomuii K. Tak kak ZNA; = ZNV, =U; Vi € I,
to MHOXKectBa U, , ... ,U;, HOKpbIBaoOT Z. M

Jlemma 2. Jli060e KOMITAKTHOE ITOAIIPOCTPAHCTBO X METPHUYIECKOTO IIPO-
crpanctBa H 3aMKHYyTO.

<« IIyers p € H \ K. Idus kaxzoil Toukn & € K umerorcsi Hemepe-
CEKAIOIUecst OTKPBIThie OKpecTHOCTH U, m V, TOYeK T W p COOTBETCTBEH-
Ho. Cewmeiicto (U,: x € K) orKpbITBIX HacTell npocrpancTsa H 1OKpbI-
BaeT koMmakT K. 3Hauut, Halij[yTCcs TaKWe TOYKU I1,...,T, € K, arto
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K c UU,, =: U. HerpyaHo noHsATh, 4TO MHOXKecTBO V' := NV, He mepece-
1 1

Kaercd ¢ U, a, 3uauut, u ¢ K. [lockonbky V' sBjsieTcs OKPECTHOCTBIO TOUKA
p,Top ¢ ClK. »

Jlemma 3. HernpepbiBHBIN 00pa3 KOMIIAKTa KOMIIAKTEH.

<« Ilycts f : K — X — wHenpepbiBHOE OTOOparkenme KOMIakTa K,
(U;: i € I) — orkpbITOe TIOKpBITHE moanpocTpaneTsa f(K) mpocrpancTBa
X. B cuty kpurepusi rj00ajibHOIl HENPEPBIBHOCTU CEMEWCTBO MHOXKECTB

(Vi == F~YU;): i € I) aBngercss OTKPLITHIM MOKDBITHEM KoMIakTa K
U [IOTOMY UMeeT KOHedHoe nofguokpeitue Vi , ..., V; . Ocracrca 3aMeTHUTD,
gro MHOXKecTBa U, , ... ,U;, mnokpsBator f(K). »

Teopema o HennpepbiBHOM Oueknu. HenpepbiBHoe OuekTHBHOE 0TOO-
pazkenue KommnakTa K B MeTpUUYECKOE TPOCTPAHCTBO H, SIBJISIETCST TOMOJIO-
TUYIEeCKUM U30MOP(PUIMOM.

<« Ilycts g : H — K — obparnoe K f orobpazkenue u Z — IPOU3BOJILHOE
3aMKHyTOe 1oMHO)KecTBO KommakTa K. Tlockonbky Z xommaktho (?), To
vmoxectBo ¢~ H(Z) = f(Z) xommaxTrO B H (?) 1 motomy 3amkmyTO (?). B
CUJIy KpUTEpHUsI TJI00ATHHON HEIPEPBIBHOCTA OTODPArKEHUE ¢ HEIPEPBHIBHO.
>

"Konrpnpumep". Orobpakenue z: [0, 27|— S, samaBaemoe dopmy-
7oit z(t) = e, HenpepBIBHO 1 GHEKTHBHO, HO He AB/IAETCA TOMEOMOPMUIMOM.

Teopewma I'eitHe—KanTopa 0 paBHOMEpPHOI HelpepbIBHOCTU. Besi-
KO€ HEIPEPBIBHOE 0TOOpaYKeHNe KOMIIAKTHOTO MIPOCTPAHCTBA B JII0OOOE MET-
pUYECcKOe MPOCTPAHCTBO PABHOMEDPHO HEITPEPBIBHO.

<« Ilycte f : K — M — rakoe orobpaxkenue u € > (0. Ilockosbky f
HEIPEPBIBHO B KaXKJIOW TOYKE, TO

Ve e K 35(z) >0: Vye K (Q(y,x) <6(x) = o(f(y), f(z)) < E) . (%)

2
Hna xaxpgoro x € K momoxum U(z) = Ojgy2(z). Cucrema
(U(xz): z € K) OTKDPBITBIX MHOYKECTB MOKDBIBAET KOMIAKT K W MOTOMY
uMeeTcst Koneunbtit nadop a := (U(zy),...,U(zy)), nokpbiatommuii K.
HOycrs z,y € K — rtakume touku, uro o(y,z) < § =
= min(@, cee w) Touka 2 sexxur B HeKoTOpoM Tmape U (x;) paany-
ca @ CJIQ,ZLOB&TGJH)HO, Q(mwx) < @7 a Q(yaxl) S Q(yax) + .Q(.T,Il) <

<6+ @ < 0(x;). Hosromy coryacuo (*)

o(f (), F(@)) < o(F W), F(@0) + o(f(w), F(@)) < 5+ 5. »

CekBennmasnbibiii kpurepuii kommnakraoctu (CKK). Merpuue-
CKO€ IIPOCTPAHCTBO KOMIIAKTHO TOTJIA U TOJIBKO TOT/IA, KOTJIa KasK1asl IocjIe-
JIOBATEJILHOCTD €r0 TOYEK 00J1a/1aeT TOIIOCIEI0OBATEIFHOCTHIO, CXOSIIEHCS
B 9TOM IPOCTPAHCTBE.
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< Heob6xoaumocTh. s mociie10BaTeIbHOCTH X, U MHOMKECTBa S TI0-
noxum x71(S) = {n eN: z, € S}.

1. Kaxxgast mocie1oBaTebHOCTh TOYEK Ty, KOMIAKTHOTO ITPOCTPAHCTBA
K obasaer TOUKOI CryIneHns, T. €. MMEETCs TaKast TOUKa p € K, B KasKayIo
OKpecTHOCTH U KOTOpO# monajaer 6eCKOHEIHO MHOTO HJIEHOB 3TOM IMocJIe-
nosatesbaocTH (MHOMKeeTBO T 1 (U) 6eCKOHETHO).

< Homyctum, 4To 310 He Tak. lorma Juis st KaXKJIOW TOYKH
p € K HaiijicTcst TaKasi OTKPBITast OKPeCTHOCTh U (p), 9T0 MHOYKECTBO HOMe-
pos N(p) := 2~ 3U(p)) xomeuno. CeMeficTBO OTKPLITBIX MHOXKECTB
(U(p): p € K) nokpbiBaer KoMmakT K. 3HAYUT, MMEIOTCS MHOXKECTBA
U(p1),...,U(pn), nokpoisatonme K. CiienoBareibHO, KOHEUHBIE MHOXKE-
crBa N(p1),...,N(p,) HOKPBIBAIOT HATYPAJILHBIH psig — abcypal b

2. Ilycth p — TOUKA CTYIIEHUS MOCTIEI0BATENBHOCTA Xy B METPHIECKOM
npocrpancrse M. Torma HaiiIcTCs MOAIIOCIEIOBATEIBHOCTD, CXOASINAACT K
3TOH TOYKeE.

< Ilycrs Uy C ... U, C ... — bGa3ucHasi cucremMa OKPEeCTHOCTEN TOYKU P
u V, = 27 1U,. Ilpu mobom k € N MHOKeCTBO HOMEPOB Vj;, GECKOHEUHO H,
3HAYNT, COIEPIKUT HOMED Ny > k.

JIerko BUAETD, 9TO IIPH kK — 0O Mj — 00, & Ty, — P, 100 T, € Uy. >

HdocTaTounoctb. Ilycte M — meTputdeckoe MpOCTPAHCTBO, B KOTOPOM
KaxKJ1asi TIOCJIEJI0BATEIBLHOCTh TOYEK 00JIa/IaeT CXOMSIIENCsT TI0/IIOC/Ie0Ba-
TEJLHOCTBIO.

(a) Hust kaxxoro € > 0 npocTpascTBo M COIEPKUT KOHETHOE €-NAOMHOE
muooiceemeo S. (S C M Ha3bIBAIOT E-IUIOTHBIM UJIM E-CETHIO, €CJIA €ro
€-OKPECTHOCTH coBnajaer ¢ M.)

< Ilycrs g € M — npoussosbhas Touka u Uy = O (xg). Ecau Uy # M,
TO OTMETHM Kakyo-Hubyab Touky x1 € M \ Uy u mosoxum
Uy == Uy UO.(z1). ... Ecomm Ug # M, To ormernM Kakyo-HUGYb TOUKY
g1 € M\ U n nmonoxxum Uy 1 := Up U Oz (2g11) ... . Ecam sT0oT 11pO-
Hece He 0GOPBCTCs, TO MbI MOJLYYUM GECKOHEUHYIO TOC/IEI0BATEIBHOCTD T,
paccTosTHIE MEXK Ty JIIOOBIMHU YJIeHaMu KOTOpOil He Menbmie €. Ho Takas mo-
CJIEJIOBATEILHOCTD HE MMEET CXOJAIINXCS MOIocaenosareapbaocreit. Cramo
OBITH, HAII MPOIECC 3aKOHIUTCSI CO3JanmeM MHOXKecTBa S = {Zg,... ,Tn},
€-0KpecTHOCTh KoTtoporo U, mokpoiBaer M. >

IIycTh w — OTKpBITOE HOKPBITHE IpocTpancTBa M.

(b) CymecrByer Takoe umcso £ > 0, uro Jroboit map suga O (x),
z € M, nexkuT B HEKOTOPOM 3JieMenTe U TOKPBITUS W.

< Yucio €, obnajaiomee 3STUM CBOMCTBOM, HA30BCM XOPONIMM M JIOILy-
ctuM, uro umcsa 1,1/2,... ,1/n, ... wioxue. D10 03HAYAET, UTO JJIsl KaXK-
Joro Homepa n > 0 HaifIcTCA TaKas TOUKa Ty, 9T0 map O/, (2,) He mome-
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[AETCsI HU B KAKOM 3JIEMEHTE HOKPBITHUS W.

ITo ycyioBUIO UMeeTCsI MOAIIOCIEIOBATENBHOCTD Ly, , CXOMSIIIASICST K HEKO-
TOpO#i Touke p € M. Dra TOUKA JIEKUT B KAKOM-TO djieMeHTe U MOKPBITHS
w. Ilycre Oz (p) — map, aexammuii B U. TIoCKOIBKY T, CXOIUTCS K P,
a 1/nip — K Hym0, TO CymecTByeT Takoit Homep k, uro z,, € O.(p), a
§ :=1/ny < e. CuenoBarensro, Os(zy,) C O(p) C U € w, T. e. maoxoe
YUCI0 § He SABJISETCs IJI0XUM — abcypa! >

Iycrs € > 0 — xopomiee yucio. CoryacHo myHKTY (&) CyLIIECTBYIOT Ta-
K0e TOYKHU P1,... ,Px € M, e-okpectnoctu Vi, ... , Vi KOTOPBIX HOKPLIBAIOT
Bcc mpoctpancTtBo M. Tak Kak € — Xopolllee 9uc/Io, TO KaxKIblit map V;
JIEZXKUT B HEKOTOPOM 3JjieMenTe U; MOKPBITUS w. P

Teopema. [lexkaproBo mpoussenenune K X L KOMIAKTOB KOMIIAKTHO.

<« Ilycts X, Y — KOMIMaKkTHBIE METPUYIECKHE TTPOCTPAHCTBA, £ = X X Y
u zp, = (Tn, yn) — Kakag-HUOY I MOCTEnOBaTeNbHOCTE B Z. Cormacao CKK,
II0CJIEJOBATEJIBHOCTD Xy, OOJIQJAET IOIIIOCIIEI0BATEIBHOCTBIO Ty, , CXOZS-
meiicd K HEKOTOpo#l Touke p € X, a Y, — MOIIO0C/IeI0BATCILHOCTHIO Yny, >
cxofseiics K HeKOTopoil Touke ¢ € Y. Tak Kak MoJIoc/Ie0BaTeIbHOCTD
Ty, CXOIUTCA K P, TO IO KOOPMHATHOMY KPUTEPHIO CXOJMMOCTH IOJIO-
CJIEJIOBATIILHOCTD 2y, CXOUTCA K TOUKe (p,q). »

Teopema o kommakTax B R*. Iloampocrpamcrso S mpocrpamcrsa R*
KOMITAKTHO B TOM U TOJIBKO B TOM CJIydae, KOTJ/Ia OHO OIPAHUIEHO U 3aMKHY-
TO.

< HeobOx01mMOCTD SIBJISIETCST IPSIMBIM CJIEJICTBAEM JIEMMBI 2 U CJIeJI-
crBust 2 TeopeMbl BeitepriTpacca 06 3KCTpeMyMax.

HocraTrounocts. [lycTs S — orpanndeHHoe U 3aMKHYTO€E TIOIIPOCTPAH-
crBo B R™. Byjyun orpaHndeHHbIM, S sIBJISIETCsI YaCThIO HEKOTOPOTO Kyba
Q = [a,b]*. Cornacro Teopeme Bopensi—Jlebera n Teopeme o MpOU3BeIeHIN
KOMITAKTOB, Ky0 () KOMIIAKTEH.

Tax xak S u Q samkmyThl B R¥ (mouemy?), To S samxmyTo B Q) (T109eMy?)
U HOTOMY KOMITAKTHO (modemy?). B

Teopema. JIo0Obie jiBe HOpMBI TPpOCTPAHCTBA R™ SKBUBAJIEHTHBI.

<« JTocTaTouHO yCTAHOBUTH, UTO MPOM3BOJbHAs HopMma || B R™ sxBuBa-
JIEHTHA CTaHJAPTHOM (eBKJIMOBOIT) HOpME | |.

Ilycts eq,...,e, — crammapreabii 6a3uc B R”. g kaxjaoro
x=(x1,...,%,) € R" umeem

/ / 2

Tl ='| S wiei| < D lellanl < clal, rae e = (D leif* |

T. €. €BKJILJ0Ba HOPMa MayKOPUPYeT IMITPUX-HOPMY.
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Ilycte FE — upocrpanctBo R™, cHaGXKCHHOE —IMITPUX-HOPMOIT;
S = 8! .= {r e E: |z|] = 1} — nomupocrpanctso B R", HasbIBae-
Moe craaapTHoii (n — 1)-mepuoit cdepoii; j : R — E — ToxmecTBeHHOE
orobpaxkenue (j(z) = x Vz € R"); 'S := j(S) — mogupocrpancrso HOp-
MHUPOBAHHOTO TpOCTpaHcTBa F, T. e. Ta ke camas cdepa, HO CHAOKCHHAA
pacCTOsIHUEM, 33/]aBaeMbIM IITpux-HOpMOit: o(z,y) = |y — x|.

Orobpazkenue j : R" — F HenmpepbIBHO, KaK U JII00Oe JIMHETHOe 0ToOpa-
»Kenue mpocrpancTsa R™ B HopMupoBanHoe mpocTpancTBo. llommpocrpan-
crBo S mpocTtpancTBa R™ KOMIIAKTHO, OyAydn OrpaAaHUIEHHBIM U 3aMKHY-
oM.  Cormacuo Teopeme Beitepmrpacca, dyuxmus || /S — R obmagaer
HAMMEHBITNM 3HadeHneM = J. [losromy st Kaxkmoro x # 0 € R™ umeem

T

]

/|
T egosss<| |
|z

x|
A rax kak § > 0 (mouemy?), To |z| < %/|x| Vo € R™. »

VYupaxkaeuus. 0. [lepeceuenune yoObIBatoIeii mocjie10BaTeIbHOCTH Zo D
...Zp D ... HEIyCTBhIX 3aMKHYTBIX MOJMHOYXKECTB KoMmakTa K Hemycro.
(O6061menne IPUHIHIA BJIOXKEHHBIX OTPE3KOB. )

1. Beskast KOMIAKTHAST BBITYKJIash OKPECTHOCTb TOYKY B ITPOCTPAHCTBE
R"™ romeomopdHa N-MEPHOMY 3aMKHYTOMY IIIapy.

2. Ilycte E — BEKTOpPHOE IPOCTPAHCTBO HEIPEPBIBHBIX BEIECTBEHHBIX
dynkmit Ha orpeske [0,1]. Husa xaxjaoit dysxkmuu f € E 10J0KIM
£l :== sup{|f(¢)| : t € [0,1]}. BamKHYyTHI# mAap B HOPMHUPOBAHHOM IIPO-
crpancTBe F He KOMITAKTEH.

Nuadopmanusa. HopmupoBanHOe BEKTOPHOE HMPOCTPAHCTBO V' KOHeU-
HOMEDHO TOTJ[a W TOJIbKO TOTJa, Korja y Todku 0 € V' ecTh KOMIIAKTHAs
OKPECTHOCTb.

I'masa 8. OCHOBBI MHOI'OMEPHOI'O
ANOPEPEHIINMAJIBHOI'O NCHYUCJ/IEHNA

B 3r0it ritaBe nipenosiaraercst, 9o ¢jioBo "dyHKIus" SBJISIeTCS CHHOHU-
MoM dpasbr "orobpaxkenne Buga f 1 X — E." rme X C R", a £ — 6anaxoBo
IPOCTPAHCTBO ¢ HOPMOIi | |.
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§8.1. HacTHble IPOU3BOAHBIE

Toeopsit, uro dyukiws [ : U — E dudpepenuyupyema (obaadaem npo-
uzeodnoti) 6 mouke p € X edoav eexmopa (no eexkmopy) v € R", ecim
byukuusa p(t) := f(p + tv) BemecrBennoit nepemennoii ¢ nuddepenuupye-
Mma B Touke 0 € R. B satom caywae smement ¢’ (0) € F Ha3pIBAIOT Npouseoo-
Hol Pynruuu f 6doav sexmopa (no sexmopy) v 6 mouke p U 0OO3HATAIOT

cumBosioM 0, f(p). Takum obpasom, 0, f(p) = %iH(l) M €E.

VYupaxkaeuusi. 0. Oyuxnust f objasaer MpoOU3BOIHON 110 BEKTOPY U B
TOYKE P + tv B TOM ¥ TOJBKO B TOM Cjydae, KOrjma QOYHKIWs
o(1) == f(p + 7v) nepemennoit 7 € R muddepenuupyema B Touke t. B
sroM caydae O, f(p + tv) = ¢'(¢).

1. Ecmm Bexktop-byukmusa f: T — E, T C R muddepennupyema B
Touke p € T, av=1€R, 109, f(p) = f'(p).

2. Cymma dysruumit f u g, muddepeHIupyeMbIX 10 BEKTOPY ¥ B TOUYKE
p, muddepeHImpyemMa 1Mo BEKTOPY v B TOUKE P, TPUUCM

0u(f +9)|, = 0v f(p) + 00 9(p)-

3. Ilpoussenenue fg byuknmit f u g, muddepeHIupyeMbIX 10 BEKTOPY
v B TOUKe p, TuMPEPEHITUPYEMO IO BEKTOPY ¥ B TOUKE P, MIPUUCM

9y fg(p) = (0 f(p))g(p) + f(p) 0u 9(p).

4.  Koopdunamnwii xpumepul Jduddeperyupyemocmu no SeKmopy.
DOyuxmus [ = (f1,...,f1): X = E = E; X ... X E; nuddepenrnupyema 110
BEKTOPY ¥ B TOYKE P TOTJA U TOJBKO TOTJA, KOTJA KaXKIas €C KOMIIOHEHTA
fi : X — E; muddepennupyema 110 BEKTOPY v B TOUKe p. B sTOoM citydae

avf<p) - (8vf1(p)>'-- aav fl(p))

MHozKkecTBO TO4Y€EK, B KOTOPBIX GyHKIus [ jauddepeHiupyeMa 0 BeK-
TOpy v, Oyaem obo3Hadarh cumBojioM Dom 0, f. @yHKIWIO, 3HAYEHNE KOTO-
poit B kax 1ol Touke x € Dom 9, f pasuo 0, f(x), 0603HAYAIOT CUMBOJIOM
0y [ 1 Ha3BIBAIOT NPOou3eodHotll Pyrkuuy f no sexmopy v.

IIycte e1,e9,... ,e, — cranmaprabiil 6a3uc npocrpanctsa R™. I[lpouns-
BOAHYIO DYHKINU f BIIOJIH i-I0 DA3MCHOTO BEKTOPA €; HA3BIBAIOT -1 4acm-
HOT npoudsodnol gynkyuu f u oboznadaror D;f. YHopsmodenubiit Habop
Df := (D1f,...,Dyf) BCex 9acTHBIX NPOU3BOAHBIX (yHKINEU [ HA3BIBA-
101 mampuueti Axobu dyaxmun f. Marpuna Sdxobu RF-3naunoit Gyskimn
7 TEePEMEHHBIX UMeeT Kk CTPOK W 7 CTOJIOIOB; B 9TOM Ciydae i,j-ii djieH
marpunsl D f pasen D;f;. JerepymaanT marpunp! fxobn dynknnm Buia
[ Xcrn — R™ Ha3BIBAIOT AK00UAHOM ITOH DYHKIIAM.
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Ecan CTaHJapTHBIE KOOPJAWHATBI B IIPOCTPaHCTBE R™ obo3Ha4veHb 6yK—

BaMU T1,... ,Tpn, TO BMecTO D; f 4acTO mUIITyT %, a Bmecto Df — %, rie
x=(x1,...,%,) — HAOOD CTAHJIAPTHHIX KOODIUHAT.

IMpunnun dukcarum nepemeHHbIX. Popmyra

0 f(x) ~ tim flx+tey) — f(x) — fim flxy +t,xe,...) — fz1,22,...)

al’l t—0 t t—0 t

TOBODUT O TOM, YTO, BBIYUCJIAS MEPBYIO YaCTHYIO IIPOU3BOJIHYIO (DYHKIAN
f(z1,...2,) NEpEMEHHBIX Z1,...Z,, MOXKHO CUNTATH BCe OYyKBHI HabOpa
x = (x1,...%n), KpOME IIE€PBOii, IOCTOSHHBIMU, T. €. PACCMATPUBATD BbI-
paxenue f(x) Kak YHKIUIO IEPEMEHHOH X1. AHAJOMMYHO MOCTYHAIOT €
ApyruMu nepemMeHubiMu. Harpumep:

ouxY _ ouxY
— —yz¥l, —— =zYlnz.
ox 0
3ameyanme.  IlockoibKy JIst BCSKOTO JIMHEITHOIO OTOOpayKeHUs
A: R™ — E umeer mecro popmyna A{v) = a1z1+. . .+aney, rue a; = Ale;),
To DA = g—‘;‘ =a:=(a1,...,a,), T. e. mampuua xobu sunetinozo omoo-

PAAHCEHUA CORAACHO MEPMUHON02UY KYPCOE AUHETHOT aA2eODbL ABAAEMCA
MAMPUYET, IMO20 NUHETHO20 OMOBPANHCEHUA.

TOBODSAT, 9TO P €CTh MOYKA MUHUMYMAE (CMPO2020 MUHUMYMA) 6euse-
cmeennol gynryuu f na muoxkecrse X, ecm f(x) > f(p) Vo € X (ecan
f(x) > f(p) Vo € X \{p}).

ToBOpsT, 9TO P €CThb MOUKG AOKAADHOZ0 (CTNPO2020 AOKAABHO20) MU-
Humyma dynkyuu f na mnoorcecmee X, ecii y TOUKH P UMEETCS TaKast
okpecraocrs U, uro f(z) > f(p) (f(z) > f(p)) Vo € X NU \ {p}. Anano-
TUYHO OIPEJIETIAIOTC MOYKY MAKCUMYMA, CMPO2020 MAKCUMYMG, AOKAND-
HO20 MAKCUMYMG U CMPO2020 AOKANDHO20 MAKCUMYMAE GyHkyuu. Touku
JIOKQJIbHOTO MUHUMYMa U TOYKH JIOKAJHHOIO MaKCUMyMa HA3BIBAIOT MO~
KaMU AOKAALHOZ0 IKCTPEMYMA PYHKUUL.

Heo6xoaumoe ycJioBue JIOKAJIBHOr0 aKcTpeMyMa (siemma @epma).
Ecmu p — Touka jokasnbHOrO 9KcTpemyma dyukimn f Ha maoxkecrse X C R”
U B 9TOH TOYKE ONpEJe/IeHa TPOU3BOHAS IO BEKTOPY v (DyHKIMU f, TO
0y f(p) = 0 € E. B wacTHOCTH, €CJIM B TOYKE P ONPEJIEIEHBl BCe YaCTHBIE
[IPOU3BOJIHBIE 3TON (DYHKIUHU, TO BCE OHU PABHBI HYJI0 € F.

JIemma o crenienH6i onenke npuparnenus (JICOII). Ilycrs B ma-
pe U C R™ c neHTpoM B TOYKE p OIPeJe/IeHbl BCe YACTHBIE ITPOU3BOJIHBIE
dbyarnun f, TPUYUCM UMEIOTCs TAKWe KOHCTAHTHI ¢, § € Ry, 9T0 1y1st KaxK 101
roukn ¢ € U BemosHeno nepasenctso |D; f(x)] < ¢(|z — p|1)® upn mobom
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ied{l,...,n}. Torma

c c
Ve eU — < — st < — x —p|)sTL.
7@ = £ < = o= pl)* ! < = (Valw —p)
<« [ocrarouno cunrarh, aro p = 0 € R™.
HyCTI’ r — (JIl,... 733n) S Ua Po = DP, p1 = po + Ti€1,...,
Pn = DPn-1 + Tpe, = X, ()07(t) = f(pi—l + tei)' Tak kak

[pi—1,pl CU Vie{l,... ,n}, o

Di

’f = ‘%

a3
Pi—1 0

- ‘7%“)“‘ - ‘7Dif(pi—1 + te;)dt| <
0 0

\xi\

< ’/c|pi,1 +tei|idt‘ <c /(|pi,1|1 +t)*dt =
0 0

c c n
- s+ 1 ((|Pi71\1 + |$i|)8+1 - \Piflﬁﬂ) = st 1 (|pz iH —Ipi—1li 1)-
CrenoBaresibHO,
n
< < s+1 s+1 _
ST EFES TR
o c s+1 _ s+1
75+1| ! 75+1|x P>

duddepennuaabHblii TPpU3HAK HEMPEPBIBHOCTU. Kcu B OTKPBI-
ToMm MHOXkKecTBe U C R” ompeseneHbl 1 OrpaHudeHbl BCe YaCTHBIE TPOU3-
BojgHble pyHKuu f, To f HenpepbiBHA Ha U.

ITpumep. ) Oynkmus f : R? — R, onpenesicHHas yCIOBHSIME

X
flz,y) = { o vyt >0 , muddepennupyema B KaxKIoi TOUKe
0 (z,9)=(0,0)

mwiockoctr R2 1o sro6omy BekTopy. B wacTHOCTH, OHA, muddepeHImpyeMa
Kakx QyHKIUS IIepeMeHHol T 1 Kak (pyHKIus nepemennoit y. OaHaxo oHa
paspeiBaa B Touke (0,0).

VYupaxkaenus 1. Ilycrs B orkpbiToM MHOKecTse U C R™ Bce gacTHbIC
IPOM3BOIHLIe (PYHKIMU f OIpeJe/ieHbl U OrpaHMdeHbl KoHCTaHToll c. Eciu
ToukM p u g coepuunMbl B U orpeskom ([p, gl C U), To

|f(q) — f(p)| < clg—pl < ev/nlg—p|.

2. Ecmm B oTkpbITOM BBITyKJIOM MHOKecTBe V' C R™ Bce gacTHBIE TIPO-
n3BomHble MYHKIUKU f OIpeNesieHbl U OrpaHuYeHbl, TO Ha V dyuknus f
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JIMTIIIUTIEBA.
3. Hycrs L = {(z,y) € R?: 2 <0,y = 0} = (seswrit iy ocu abenuce)
u U = R?\ L. Jlns kaxoit Touxu (z,y) € U yroa mexk ity sekropamu (1,0)
u (z,y) obosmaamm qepes 0(z,y) € [—7, 7|
a) Haiitu yacrubie npoussouusie dyunkiuu 6.

Ionckas. Ecm z > 0, to §(x,y) = arctan; ecrm y > 0, To
O(x,y) = 5 — arctan%; ecm y < 0, 1o 0(z,y) = —5 — arctan %
b) Ha sneiino cBsisom orkpbrroM muoxkecrse U’ = {(z,y) € U:

22 + 9% > 1}, gactHble Mpom3BOAHbIe bYHKIHN f orpaHmueHbl. OTHAKO
Ha 9TOM MHOXKeCTBe (DYHKIWs [ He JIMIIINIEBA U JlaXkKe He PABHOMEPHO
HENIpepbIBHA.

§8.2. Jduddepeniuan

Bynewm rosoputs, uro dyukius f : U — E , U C R™ duppdepenyupyema
B Touke p € U u mucars f € 9(p), ecnu:

1) muoxkecrBo U siBiIsteTcst OKpecTHOCTBIO ToYKU p (U € Agn (p));

2) umeercs Takoe JmHelHOe oToOpaxkenune A: R™ — E| 4ro

f(@) = f(p) + Alw — p) + w(z), rre w(z) (lz = pl)-

= o0
z—p
B srom ciayuae orobpakenne A HazbBaOT dupdepenyuanom Gy f B
Touke p u 0603Haua0T cuMmBosioM df (p). 3uavenue nuddepenimana df (p)
Ha BeKTOpE v OyteM oboznadars df (p)(v) wiu df (p)v. Orobpaxkenue f Ha3bI-
BaoT JudPEPEHITUPYEMBIM, €CIn OHO AU dEpEHITIPYyEeMO B KaXK 0 TOUIKe
obsiacru Dom f.

VYupaxkaeuusi 1. [locrosinaoe orobpaxkenue f : R™ — E nuddepen-
nupyemo, a ero muddepennuan df (p) B kax1oit Touke p € R™ ecrb Hys1eBOE
orobpazkenne u3 R™ B F.

2. Begkoe jmmueitnoe orobpaxkenne A : R™ — F mauddepernmpyemo;
ero muddepennuan B Kaxkaoit Touke € R™ coBmajaer ¢ HIM CaMuM, T. €.
dA(z)v = Av Yv € R™.

3. Huddepennupyemocts u quddepeHnua CyTh JOKAJbHBIE TOHATHS:
ecin GYHKIUU f U g COBIATAIOT B HEKOTOPOH OKPECTHOCTH TOYKH P U €CJIN
f€2(p), r0g9€ Z(p)ndf(p)=dgp).

Jlemma 0 (06 ormommenuu "o-mamoe"). Ilycrb w : X — E —
dyukuus, pasaas Hymo B Touke p € X. Torma w(x) - 0((9c — p)k),
k € N B TOM ¥ UMb B TOM CJIydae, Koraa (PyHKIMS @ MPeJICTABUMA B BUJIE
w(z) = a(z)|r — p|*, tie a — bynkIUs, HeMpepHIBHAS B TOYKe p U paBHAs
HYJIIO B 9TOH TOYKe.

<« IIpocroe ciencreue onpeseseHuii. »
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Caencreue. Oyukius, muddepeHnupyemMasi B HEKOTOPO TOYKe, HEIpe-
PbIBHA B 3TOM TOYKE.

®PopmyJia [iJ1s MPOU3BOAHOI o BekTopy. Eciu f € P (p), o dynk-
mus f obsamaer npoussoanoil 9, f(p) Bmosb Kaxkporo Bekropa v € R™. Ilpu
3TOM

n U1

Un

=Df(p)-v
<« Cornacao Jsemme 0, &yuxnusg [ mpegcraBumMa B BHJE
f(x) = f(p) + df (p)(x — p) + a(x)|x — p|, rae a — dynkmus, menpeprBHas
B TOYKE p U paBHAsl HYJIIO B 9TOW Toduke. [lo9TOMYy i1 BCAKOrO BEKTOPA
v € R™ nmeem

f(p+tv) — f(p)
'

Bnamnt, Oy f(p) = df (p)(v) = df (p) (3o vies) = S vidf (p)(es) =
=200, f(p) = 2 viDif(p) = Df(p) -v- »
CaencrBue. EnuncrBennocrs nqudpdepennmana: ecm f € Z(p) u

Ay, Ay — mudpdepennuaibl GyHknun f B Touke p, To A; = As.
KoopaunarHoe npeacrasienne quddepenunana. Eciu f € 2(p),

TO
Z 0 xl p)dzi,

rue dry, ... ,dr, — gncbcbepemmanm CTAHJIAPTHBIX KOOPJAMHAT T1,... , Ty
B mpocTpancTse R”.

<« i-g KOODIWHATA T; ecThb orobpakenne x; : R” — R, comocrasiistomniee
KaxKJOMy BeKTOpYy v = (v1,...,v,) € R™ ero i-1o0 koopuuuary v;. Cienosa-
TesibHO (bopMysia Jyist HPOU3BOAHOI 10 BeKTOpy u yip.l1.2):

~ df)0)| = lellatp + )] = 0.

Yo € R™ df (p u—ZDf ZDf Vi (p)v,

T e. dyuxmun df (p) u Y. D;f(p)dz;(p) coBuanaror. Ocracrcst 3aMeTHTh,
i=1

i=
gro orobpaxenue dz;(p) : R® — R He 3aBucuT OT p U YTO B HOIOOHBIX
CUTyalusX BbIpazkeHue (p) NPHUHSITO OILYyCKATh. B
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HdocTaTounblii npusHak auddepeHuupyemoctu. Ecin B HeKOTO-
poit okpectHocTH U TOYKHM P ONPEIe/IEHbI BCe YACTHBIE IPOU3BOIHbBIE (DYHK-
muy f ¥ BCe OHU HENpPePLIBHBLL B TOUKe p, 10 f € D(p).

< g kaxaoro Bekropa v = (v1,...,0,) € R™ u g KaxKmoit To9Ku

z € Dom f nonoxmm A(v) := > D; f(p)vi nw(x) := f(@)=(f(p)+A{z—p)).
Iycrs € > 0. Tak kak D;w(x) = D;f(x) — D;f(p) Vi € {1,...,n},

TO BCE YACTHBIE NPOM3BOMHBIE (DYHKIMA W HENPEPBIBHBI B TOYKE P U PaB-
HBI HYJIIO B 9TOil Touke. 3HAUUT, UMeercd map U ¢ NEHTPOM p, B KOTOPOM
BCE YacTHbIE TPOU3BOJIHbIE (DYHKIMHU W OrPAHUYEHBI KOHCTAHTOIH €/ /1. Co-
rinacuo JICOII §8.1, |w(z) — w(p)| < el —p| Va € U. D10 o3nadaer, 4TO
w . 0(|x - p\) CrenoBarenbHo, MuHEHOE oTOOpakenne A ciyxut aud-

depennnagom pyukiun f. »
IIpumep. , Oyukmus f : R?2 — R, onpemeicHHas yCIOBUSMI
z’y
flz,y) = { z?4y? =yt > , IMeeT OI'DAHUYEHHBbIE YaCTHBIE IIPOU3-
0 (z,9)=(0,0)
poamble Ha R2. Oyaxo ona we auddepennupyema B Touxe (0,0) (mouemy?).
s kaxkpoih marpunsl a = (ay,...,a,), a; € E 1og0xKum

la] == (X |ai\2)1/2 U 3aMETHM, 9TO JJIst KaxKI0ro BekTopa v € R” cnpases-
i

muBo HepasercTBo Komwu |a - v| < |a||v|. s Beskoro mmHeiiHOro oroGpa-

xkenust A : R™ — F nosoxum |A| := |DA|. B wacruocru, |df (x)| = |Df(z)].

AcumnTroTuueckasi orneHka mnpupaimienusi. Ecom f € Z(p), T

f@) =) = Oz —pl)-

<« Ve>0|f(z)—f(p)| = |Df(p) (x—p)+w(@)| < [Df(p)||lz—p|+w(z)| <

Dl

IIpasuio nudpdepennupoBanus geKapToBa npousBeaeuus. Oroo-
paxenue f = (f1,...,f1): U — E = E1, X ... X E; quddepenmupyemo B
TOYKE P TOIJa U TOJBKO TOTJA, KOrda KaXKjasi ero kommnonenTa f;: U — E;
nuddepennupyeMa B Touke p. B arom cayuae df (p) = (df1 (p),-..,dfi (p))

<« [Ipsimoe ciencrBre jeMMbl 0 U KOOPAMHATHOIO MPU3HAKA HEPEPDIB-
HOCTH. P

IlpaBuno puddepeHupoBaHusi CyYMMBI. Ecm  dbyuxknun
f,9: X — E nuddepeHnupyeMbl B TOYKE p, TO MX CyMMa TakxKe aud-
depennupyema B 310l Touke. [Ipu sTom

d(f +g)(p) = df(p) +dg(p), d(f + g)(p) = df (p) + dg(p).
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IIpaBusio nuddepeHnupoBaHus npou3dBejieHus. lIpoussenenue
fg dyukuuii f,g € P(p) muddepenuupyemMo B TOYKE p 1

dfg(p) = df(p)g(p) + f(p)dg(p), Dfg(p) = Df(p)g(p) + f(p)Dg(p)-

< f(z)g(z) = (f( ) df(p)< —p) +a(@)|z —pl)(9(p) + dg(p){x —p)+
+B(w)lz—pl) = )+ ((df () (o — ) < )+ F(p)g(p) (@~ ) +w(@),
( )

e w(z) = {(f ( ) df(p){z — p))B(z) + a(z)(g(p) + dg(p)(z — p))+
+a(x)B(z)|z —pltz —pl.

[Tockombky dyHKIM, 0OpaMICHHAS (PUTYPHBIMU CKOOKAMHU HEITPEPHIB-
HA B TOYKE P U PaBHA HYJIIO B 3TOH TOUKe, TO w(x) . o(|z — p|). Buaunr,

muuefinas dyukuua df (p)(v)g(p) + f(p)dg(p)(v) BexTOPHON NEpeMeHHON
v € R™ ecrb muddepennuan byakuun f - g(x). Iostomy B cuiy dbopmy-
JIbL JIjisl IIPOM3BOJHON [0 BEKTOPY Jisl KaXKJOro BeKTopa v € R™ mmeem
Dfg(p) - v = dfg(p){v) = df (p){v)g(p) + f(p)dg(p)(v) = (Df(p) - v)g(p)+
+f(p)Dg(p)-v = (Df(p)g(p)) v+ f(p)Dg(p)-v = (Df(p)g(p)+f(p)Dy(p))-
-v. Suaunt, marpunst D fg(p) u Df(p)g(p) + f(p)Dg(p) coBuamaror. »

IIpaBuno muddepenuupoBanus komnosunun (ILJIK). Eciau
orobpazkenue f : Xcpn — R! muddepenmupyemo B Touke p, a oTobpazke-
Hue ¢ : Yo — FE muddepennupyemo B Touke ¢ = f(p), To oToGpazkenne
go f mddepenmupyemo B Touke p, nputicm d(g o f)(p) = dg(f(p)) o df (p)
u, caenosarenbro, D(go f)(p) = Dg(f(p)) -Df(p).

<« 1. Yeranosum, uto Domgo f := X N f~1(Y) € A4 (p). HockombKy
dyskn f u g nuddepennupyemsr B Toukax p u ¢ = f(p), TO MHOKe-
crBa X u Y 9BJIAIOTCS OKPECTHOCTSIMH TOYEK P U ¢ COOTBETCTBEHHO. Tak
KakK (DYHKIMS ¢ HENPEPBIBHA B TOYKE ¢, TO, COTJIACHO TOMOJOTHIECKOMY
kputeputo menpepbisHoctu, fH(Y) € A (p). CrenosaTebHo, MHOMKECTBO
X N YY) aBasgercsa oKpecTHOCTBIO TOUKH P.

2. U3 mpeanochLioK TeopeMbl 1 JieMMBbI () BBITEKAET, 9TO pacCMaTpHUBa-
emble dyukiuu upegcrasumbl B Buge f(xz) = f(p)A{x — p) + a(z)|z — p,
9(y) = 9(q) + Bly—q) +B(y)ly—al, tne a = df (p), B = dg(q), a(z), B(y) —
dyHKIIUM, HENpPepbIBHLIE B TOYKAX P, § COOTBETCTBEHHO U PaBHBIC HYJIIO B
sTux Toukax. Orcroja
9(f(x)) = gla) + B{f(z) — ) + B(f@)If(x) —d = g(f(p)+
+B{A{z — p)) + Bla(@))|lz — p| + B(f(2))|f(x) — f0)] = go f(p)+
+BoA{x —p) + (Boa(x))z —p| + (B0 f(x))|f(x) — f(p)].

Tax kak orobpazkenue Bo A JuHERHO, TO HAM JOCTATOYHO [OKA3ATh, UTO
TPETHE U YETBCPTOE CJIATAEMBIE TIOCTEIHEN CyMMBI SIBISIOTCSA O-MAJIBIMA OT
|z — p| mpm = — p.
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3. (Boa(z))|z —p| = o]z — p|), nockonbky dynkuust B o o) Henpe-
PBIBHA B TOYKE P U PABHA HYJIIO B 3TOI TOUKe.

4. Tlockonbky dyukius f muddepeHiupyemMa B TOYKE P, TO B CHILY
ACUMIITOTUIECKON ONEHKU MPUPAIICHUS ‘f(a:) — f(p)‘ . O(\x — p|) Tak

kax (3(f()) - o(1), To
B(f(@)If (@) — fp)I* o=yl = pl".

Urax, go f(z) — (g0 f(p) + BoA{z —p)) = ol —pl), T e. d(go f)(p) =
= dg(q)odf (p). [Toaromy st Kaxkmoro Bekropa v € R™ 6iarogapst dpopmylie
IIst Ipou3BoHON 1o BekTopy mmeeM D(g o f)(p) - v = d(g o f)(p){v) =
= dg(q) o df (p){v) = dg(q)(df (p)(v)) = Dg(q) - (Df(p)) - v. Crrenosaremsmo,
D(go f)(p) = Dy(q) - Df(p). »

IIpaBuiio audpdepeHHUpPOBaHUS ODOPATHOrO OTOOpa>KeHUHA
(ILD0O0). ycrs f: U — V ug: V — U — B3auMHO 00paTHble 0TOGparke-
Hust nogmuoxkectB U u V' npocrpanctBa R™ u mycers f nuddepernupyemo
B touke p € U. B rakoit curyamuu orobpaxkenune g auddepeHnupyemMo B
Touke ¢ = f(p) B TOM M JMIIb B TOM ciydae , Korja () nuddepeHnman
df (p): R™ — R™ ectb obparnmMoe JIMHEHHOE OTOOparKeHUe, OTOGpayKeHne
¢ HelpepbIBHO B TOYKE ¢, a MHOXKECTBO V — OKPECTHOCThb 3TOH TOUKU. B
TAKOM CJIy1Iae

dg(q) = (df (9(a))) " u Dg(q) = (Df(9(a)))

< Eciin g € 2(q), To g HENPepBIBHO B TOUKE ¢, & V — OKPECTHOCTH ITOM
toukn. Tax kak f o g = idy, To B cury IIAK Df(g(q)) - Dg(q) =1 € M, ,
u, snaut, Dg(q) = (Df(g(q)))~ . Ilo amanormamnoit mpuunse nuddepen-
muasbl dg(q) u df (g(q)) cyTh B3aMMHO OOpaTHBIE JUHEHHbIE 0TOOPAYKEHHUS.

Iycrs A :=df (p) u B : R — R™ — obparnoe K A jHeiinoe orobpaze-
uue. Tak xak f € Z(p), To qys Kaxkzgoro x € U cupaBeyiuBbl PaBEHCTBA,
f(x) = f(p)+A{z—p)+a(@)|[z—p| nz—p = B(f(z)—f(p)) —Bla(z))|lx—pl,
npudcM QPyHKIUS @ HellpepbIBHA B TOYKE p M PaBHA HYJIIO B 3TOH TOUKe.

CienoBare/ibHO, I BCsiKoro y € V' 0yiaeM nMmerhb

-1

9(y) —9(q) = Bly — @) +v(W)lg(y) — g(a)l, (1)
rie Y(y) == —B{a(g(y))), u, crano GeITs,
l9(y) —9(a)| < By — )| + v(W)llg(y) — 9(q)|. (2)

Tak kak GyHKINs 7 HEIPEPHIBHA B TOYKE ¢ U PABHA HYJIIO B 9TOH TOY-
Ke, TO HaiijIcTCs Takas okpecTHOCTb W Toukm ¢, 9To 7y1d Besgkoro y € W
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|v(y)| < 1. IlosToMy Jyist TaKHX y U3 HepaBeHCTBa (2) mosydaem

By-ql _ |B|
-1 ~1-h

Crenoparensio, v(y)lg(y) —9(@) = o

(1) nmueitnoe orobpaxkenue B sapiserca muddepeniuansom byHKIUU g B
TOYIKE q. P

3ameuanusi. 1. [Iycrs f € Z(p). Cuepyromiue ycaoBusi SIKBUBAJICHTHBL:

a) muddepennnain df (p) ectb obpaTuMoe JMHEHHOE 0TOOPaAKEHNE;

6) marpuna dxobu D f(p) obpatuma;

B) croubipl (cTpoku) Marpunsl Ikobu D f(p) juHeiHO HE3aBUCUMBIL;

r) det(Df(p)) # 0.

2. CorsacHo Teopeme o0 BioxkeHUn obaactu (§7.4), yciosue Hempe-
peiBHOCTH byHKIMK g B Touke ¢ B [IJIOO BBINOIHEHO, eciin 0TOOpaXKeHMe
f U — V menpepsiBHO.

l9(y) — g(a) < gl ,=, Oy —d)-

(ly—q|). Hlosromy B cuiy paBeHCTBa

Ilpunoxkeume. I'pagueHT BeltecTBeHHON (DyHKITUN

Jlemma-onpenenenne. Fcemm bysrmusa f @ Xcrn — R auddepen-
nupyeMa B TOYKE P, TO CYIIECTBYET €JIMHCTBeHHBIN BeKTOp V € R"™ Takoii,
Euvel

df (p)v = (V,v) Yvo € R™

DTOT BEKTOp Ha3bIBaeTcs zpaduenmom byHkimu f B Touke p m obo3HaqIa~
erca grad f(p) wiu V f(p).

VYupaxknaenue. OTHOCUTEIHLHO CTAHIAPTHON CHCTEMBI KoopauHaT B R"™
umeer Mecto dhopmyia grad f(p) = (le(p), e ,an(p)).

T'eomerpuyeckasi uHTepuperanus rpaguedTa. 1. ['pajguent dyHk-
nuu f B TOYKE P OPTOTOHAJIEH MOBEPXHOCTU YPOBHS ITONH (DYHKIUU, MPO-
xougiieit uepes Touky p: ecau Sy = {x € R": f(x) = h} — nosepxuocThb
yposus h byskuuu f, rme h = f(p), To KocuHyC yriia Mex/y BEKTODaMu
grad f(p) u x — p crpemuTes K Hymo npu & — p|Sh.

2. I'pagmenT 3agacT HaIpaBIEHNE U CKOPOCTh HAMOOIBIIIEN0 pOCTa (PYHK-

v . .
oM. €CJIn U — \V;EZ;\ — €IUHUIHBIN BEKTOP, COHaIIpaBJICHHbLIN C I'PAaIUCH-

TOM, TO JJIsl JIIOOOrO €IMHUYHOIO BeKTopa v € R™ BhINIOIHSETCA HepaBeH-

creo [0y f(P)| < [0u f(p)]-

<« ITycrs V := grad f(p) u ¢(a,b) := kocuHyC yriia MeXJy BEKTOPaMU
a,b € R". Cunraercs, uro ¢(a,b) = 0, ecau |al|b] = 0.

a) Jocrarouno cuurars, uro V # 0 # x — p. [lockoasky f € Z(p), To

f@) = f(p) = (V,z —p) = w(z)z - pl,
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ryie (byHKIWs w HelmpepbiBHA B TOYKe p M PaBHA HYJIIO B 3T0il Touke. Ilo-
TOMY, eciid T € Sh, TO
V,z—p)  wl)
V=) = G~ TV i

b) 19, F(0)| = 1df (p)o] = |(V,0)] < V] = (V) — df (p)u — D, f(p). »

BekropHoe moJsie w HA3BIBAIOT MOTEHIUAJbHBIM B objactu 2 C R,
eciu cyuiecTByeT Takas juddepennupyemast gynkmus U : Q@ — R, gro
gradU(z) = w(xz) Va € X. Bestkyo Takyo QyHKIMIO HA3BIBAIOT OTEHIIU-
AJIOM TIOJIST W.

Vopaxkuenusi. 0. Oyukius U(x) = —c|z|~! : R3\ {0} — R asasercs
HOTEHI[AJIOM I'PABUTAIMOHHOIO 10JIs w(T) = cﬁ, cozmaBaemoro CoJtHIeM

(3akon Hpiorona).

1. II}/’CTI)7 HaIllpUMeEp, W — TI'PaBUTAIIMOHHOE II0JI€ B OTKPBITOM JIMHEITHO
CB43HOM MHOX>KECTBE Q

a) Ecau U — norennuas mosist w B obsiactu (2, 70 pabora, Mpou3BeICHHAS
9THUM IIOJIEM IIPHU IIE€PEMEIIECHUN YaCTHUIbI MaCChl M U3 IIYHKTa P B IIYHKT (,

oyner paBua mU| wu, cTayio OBITH, HE 3ABUCUT OT CIIOCO0A IEepEMEIEeHUs,
P

T. e. or BbIbopa Kycouno muddepennupyemoit dbyuknuu z : [a,b] — Q
Takoii, uro z(a) = p, x(b) = q.

b) Paznocrs j1106bIX ABYX IIOTEHIUAJIOB 10Js W B obiactu ) gBJseTcst
KOHCTaHTOM.

st Toro utobe! quddepeHnupyemMoe BEKTOPHOE Hoste W = (Wi, . .. , Wy
B obstacTu €2 C R™ OBLIO MOTEHITNAILHBIM, HEOOXOINMO, YTOOBI 044 Kadtcdo20
x € Q u wobwx i,j € {l...,n} umeao wmecmo paGeHcMEo

D;w;(xz) = Djw;(z) (§8.3, Teopema 0 BTOPBIX IPOU3BONHBIX). Ecau 06-
7acTh §) BBILYKJIAsA, TO 9TO YCIOBUE ABJISETCA JOCTATOYHBIM JIsl IIOTEHIN-
azpHocTH oyt w (§12.3).

§ 8.3. IIpaBusia MHOrokpaTHoro auddepeHImpoBaHUs

8.3.1. Briciiiue mpou3sBoOaHbIE

Ecm dyukmus f auddepenmupyema B Touke p € R™, To Oymem ro-
BOPHUTH TakK¥Ke, IT0 Ppymrxyua [ odun pas dudpdepenyupyema 6 mouke p, n
macats f € 21 (p). llpu k > 2 Gyaem rosoputhb, uto dynryua f duddepen-
yupyema k pas 6 mouke p, n macates f € P*(p), ecom:

1. @yukiusa f nuddepernupyema B KaxK10il TOUKe HEKOTOPOU OKPECT-
HOCTU TOYKU P.

II. Bee wactabie mpousBomnbie bynknun f nuddepeniupyemsr k—1 pas
B TOUYKE P.
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Ecm f € 2%(p) npu mobom k, To Gyiem ToBOpuTS, uTO hynxyus f bec-
Koneuno dugepenyupyema B Touke p, u ucathb f € P°°(p). BrickasbiBanue
f € 2°(p) mameno cmbicTA.

VYnpaxnenusi. 1. 2'(p) D 7*(p)D ... 2°°(p) = Ni>1 2% (p).

2. KoopanHaTHBI KpuTepuii MHOTOKpaTHON JrddepeHIupyeMOCTH:
dbyukuua f = (f1,..., fi): X - E = E1X...x E; mubdepenuupyema k pa3
B TouKe p € X B TOM W JIUIIb B TOM CJIydae, KOIJIa KayKasi €C KOMIIOHEHTA
fi : X — E; muddepennupyema k pa3 B TOUKE p.

3. @yukius f : X — F muddepernnupyema k > 2 pa3 B Touke p € R”
& dyukmus f auddepeHnupyeMa B HEKOTOPO OKPECTHOCTH TOYKHU P, &
ec marpuna Akobu (byukuua Df = (D1 f,...,D,f)) nuddepenuupyema
k — 1 pa3 B 910it TOUKe.

4. Cymma u ipousBe;ierre pyHKumit quddepeHupyemMpix k pa3 B TOUKe
p muddepeHIupyemMsl k pa3 B 9TOi TOUKe.

5. Kommosurius k pa3 auddepennupyembrx GyHKIuit k pa3 muddepen-
nupyema: ecin dysrmun f: Xcpm — R™ u g: Yepn — E quddepennupy-
eMbl k pa3 B Toukax p € X u ¢ = f(p) €Y, To go f € D*(p).

6. llycts f: U — V ug:V — U — takue B3anMHO 00paTHbIE HEIIpe-
PBLIBHBIE 0TOGPazKeHHsT OTKPLITHIX YacTeit mpocTpancTsa R™, uto f € 2% (p),
a nuddepeniman df (p) : R — R™ — obparumoe JjuHeiiHOe 0TOOpazKeHME.
Torna g € 2%(q = f(p)).

JlokazarenbcTBa yTBEPKIEHUIT 5 1 6 MOKHO TIOJIYIUTh, OOPATUBIIUCH K

[7, §4.2].

Teopema o BTOpbIX MPOU3BOAHBIX. Ecimu dyuKIms f 1BaxK bl aud-
depennupyema B Touke p € R™, To

DiD;f(p) = D;Dif(p) Vi,je{1,... ,n}.

<« [ocrarouno canrarh, 9To f sABsgeTcss DYHKIMENH NBYX MEPEMEHHBIX

o o
vy, mpmaes p o= (zp,5,) = (0,0), a f(p) = 0 = 2{) — 2/0)
(B mHoM ciyuae caemyer paccmorperb  dyHkmmio  g(z,y) =

= flz+zp,y+yp) — (flp) + Lg(wp)x + ngp) Y), Y KOTOpOil Bropble IIpOH3-

Bozuble B Touke (0,0) Takue ke, Kak 1 y GYyHKIMA f B TOYKe p.)

Tockonbky 06e uacTHBIE TpousBoaHble dyHKunn f(z,y) muddepeny-
pyembl B Touke p = (0,0), To ux muddepeHnuaabuble Pa3IoKeHus B ITOM
TOYKE UMEIOT BUJ

9 (x,y) = arx + by + ai(z,y),
8 (2,1) = asz + by + as L
Ay 'Y = a2 2Y T Q2 xvy)a
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re a1, b1 1 as, by — 3HAYEHMS TACTHBIX TPOU3BOIHBIX (PYHKITHI 2f y 6{; B

oz
TouKe P, ;i (T, Yy) ( ):(0 0 0(\/332 + y2), i€ {1,2}.
z,y)— (0,

Harma mess — moka3aTh paBEeHCTBO G = b.

Ilycts € > 0 u U — Takoii 3aMKHY TBII KPYT PaIAyca T ¢ IEHTPOM B TOYKE
0, aro na U dbyuknus f auddepennupyema u |o;(z, y)| < ey/z2 + y2
Y(z,y) € U.

ITycrs s > 0 — rakoe uucio, yro kBagpar ¢ sepmunamu (0,0), (s,0),
(s,8) u (0,s) mexxur B U. Orcrona ¢ yacrom dopmyist Hetorona—JleiiGanra
u pazyoxkenuii (1) moaygaem

(5,0)
+f

(0,0)

(s,s) (0,s) . f’(0,0)
(s,0) (s,5)

:/0 da:+/a (s,y)dy — /8 acsda:—/a (0,y)d

—a1§+ags +b2——(a1 +b1$ +b2 )

(0,s)

+/ a1(x,0)dx +/ as(s,y)dy — / aq(x, s)dx — / a2(0,y)dy.

0 0 0 0
CirenoBare/ibHO,

az—b1|s? < | [ ar(x, 0)da+ [ as(s, y)dy— [y ai(z, s)dz— [ ag(O,y)dy‘ <
< 4e fos Vs? 4 s2dx. Tem cambiM, |ag — by| < 8 Ve > 0.»

2 2

zy(x®— 2 2
%Tyé/), ecim 2 + y* > 0, a
£(0,0) = 0. B ka0t Touke miockoctu R? bynkmus f auddepennupyema
1 006J1ajIaeT BCEMU YeTBhIPbMS BTOPBIMU IPOU3BOIHBIMU; IIPUYUCM Ha, IIPOKO-

noroit mockoctu R? \ {0} ona 6eckoneuno mudddepennupyema. Omaako

o 0 o 0
_— _— . H OB€E €.
(396 3yf> ‘(om 7 (324 Mf) ‘(om PopepET
Kakoe ycioBre TeopemMbl 0 BTOPBIX ITPOU3BOIHBIX HAPYIIIEHO?

Vopaxuenune. Ecm f € 2%(p), to 0,0, f(p) = 0,0u f(p)

= > uv;D;D; f(p) ans mobbix BekTOpOB U, v € R™.
i

"Kourpupumep". Ilycrs f(z,y) =

CumBos1 0, TPaKTYIOT KaK OIEPAINi0, KOTOpas KaxKaou (yHkimu [ u
JoboMy BekTOopy v € R™ comocrasyser dyukuuio 0, f (BO3MOXKHO, naxe ¢
mycroii 06;1acThio 3ajanus). Ilpu 9TOM CYUTAIOT, UTO

Of = f, oL f=0,f,...0 =0k a, ... .
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B wactHOCTH, JUIst JI0OBIX HOMepoB i € {1,...n}, k € N u bynkuun f
oTIpejiesTeHa ec JacTHas Mpom3BojHas dyHkimsa DFf = 8]; f- Qacmmnot
npoudeodnoti nopadka k > 0 GyHKIMN [ HA3BIBAIOT BCAKYIO (DYHKITUIO BUIA
Dil(- .. (lef)) = (D7.1 o0...0 le)f

8.3.2. MyabTunHAEeKCHbBIT popMaIn3M

My/IbTUMHIEKCOM JJIUHBI 1 OyJleM Ha3bIBATh BCSIKUl YIIOPsIOYEeHHBIN
HAOOP HATYPAJIBHBIX 9UCET b = ({1, ..y fin) € N, [l KAXKIOr0 MyJIbTH-
WHJEKCA [ TTOJIOKAM

|| == p1 + .o + = nopadox myavmuunderca L;

w! = ! uy,! — npoussenenue uucen 1!, ..., pn!;

DF = DI o ..o Diin;

ot =t ok e x = (21, ... ,2,). Bomx = (21,...,2,) — HabOp
qucest, To x* — aucno. Ecmu xe x = (x1,... ,2,) — HAOOP CTAHIAPTHBIX

KoopamHaT mpocTtpancTBa R™, To x¥ — BemecTBeHHas (PyHKIMS HA STOM
npocTpaHcTBe. DTy QYHKIMIO OOBITHO HAZBIBAIOT MOHOMOM TOPSIIKA || oT
[IEPEMEHHBIX L1, ... ,Ty.

KaHnounyeckuii BuJ BBICIINX YAaCTHBIX HOPOM3BOAHBIX. Kcin
byukuus f auddepermupyema k pa3 B TOYKe p, TO KaxKJas €C IacTHAL
MIPOM3BO/IHASI TOpsiaKa k ompeeseHa B 3TOH TOUKE W MOXKET OBITH IIpej-
CTaBJIeHA B BUJE

D'f(p) == (D{* ..o Dii") flp = D (... (Dhf(p)),

rIe (4 — MYJBTUMHIEKC TOPsSaKa k.

Hasee B sToMm naparpade x = (x1,... ,z,) — HAOOP CTAHAAPTHBIX KO-
opauHaT B mpocTpaHcTBe R, A\ U (4 — MyJIBTUMHIEKCHI JUTHHBL N.

A _ w! -2

IIpaBuiio muddepennupoBanuss MoHoma. D zH = qu ,

ecsiir HAbOP [i-A He COMEPKHUT OTPUNATETbHBIX uncest, n DXz = 0 B mHOM
cayqdae. CieoBaTeIbHO:

A —
DAH| e = Aoy e

Ilpunoxenusi. 1. Kpumeputi cosnadenus nosuromos. IlomuHOMBI
A(z) =Y auzt u B(xz) = ) byat coBuanator (a, = by, upu mobom p € N™)
“w

o
TOrJIa ¥ TOJBLKO Torja, korga A(x) = B(x) mug kaxzgoro ¢ € R™, . e. ko-
riaa byHKIum, HopoxkacHuble nosimHoMamu A u B, coBnagaror. (3anucbiBast
TIOJINHOM B BHJIe OECKOHEUHON JIMHEHHO KOMOMHAIIM MOHOMOB, TIPE/IITO Ia~
rafoT, YTO B 9TOI KOMOMHAINN BCe KOIMPDUIIMEHTHI, KPOME KOHEYHOTO YUCIIA,
PaBHBI HYJIIO. )

<« Borancnurs nponssonayo D KazKIoro m3 9THX HOJIMHOMOB B TOUKE
0eR™ »
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DTa TeopeMa ONpPABJBIBACT MPAKTUKY OTOXKJIECTBIISATH TEPMUHBI "T10JIH-
voMm" n "mosimHOMUANIbHAS QYyHKIMA".
2. Ilpasuno 8036€deHUA CYMMDBL 8 CMENEHD.

k!

(1 + o+ .. F ozt = Z Cllat, C“:m.

|ul=k

<« Borancurs npoussoauyio D jieBoit u IpaBoil 4acTH PaBeHCTBA [IPH
Al = k. »

3. Hycrs D = (Dy, ..., Dy). Homunom Buga A := A(D) := 3 a,D*,

[ul<m

K03 HUIUEHTHI KOTOPOTO CYTh BEIECTBEHHBIE KOHCTAHTBI, HA3BIBAIOT GeUje-
CMBEHHBIM AUHETHDBIM QUPPHEPEHUUAADHLM ONEPATNOPOM C TLOCTNOAHHDLMU
KoaPuruenmamu nopadka He viule M.

Takoit TOTMHOM 3a/1aCT OIEPAIHIO, COTOCTABJISIONLYTO KayKI0i (hyHKIMN

f or n nepemennsix dynkmuo » . a, D'
lul<m

IIpumepsni. 0. Bceakas BerecTBeHHas1 KOHCTAHTA TPEJICTABIISET COOOi
juddepeHIuabHbII oneparop mopsiika 0.
1. Hycrs v = (v1,...,v,) € R”. Huddepenunanpublii oneparop
n
> v; D; HA3BIBAIOT onepamopom JuPPeperyuposanus no 6eKmopy v B CBsi-
i=1
31 € TeM, 4TO JiIs Besikoii quddepennupyemoit dyakiuu f(x) mMeer mMecto

dopmyia Zn:llelf(x) =df(z)v =0, f(z) (§8.2).

2. Homunom D? +. ..+ D? naspisaior onepamopom Jlanaaca u 06osnada-
10T cuMBOJIOM A. DTO caMblii TOMyJISPHBINA HuddepeHInalbHBI orepaTop
BTOPOT'O MOPSIKA.

KoMnosuimonHoe npasuiio 1uist AudpepeHanbHbIX oepaTo-
pos (KILOO). Eciu A = Y ayD* u B = Y b, D" — nuneitusle aud-
A

“w
depeHnmaIbHbIE OMEPATOPBI C IMOCTOSTHHBIMU KO3(DMUIMEHTAMHA, MOPS KA
KOTOPBIX HE BBIMIe k U | COOTBETCTBEHHO, TO Jjis Besikoi (byukinn f, mud-
depennupyemoii (k + 1) pas B Touke x, cupaseyuBa hopmyia

(A B)fle = A(Bf)la-

<« Cornacuo IpaBUJly YMHOXKEHNUA ITOJITMHOMOB

(A-B)f = (D_axb,D}")f,
A
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a B CUJIy TeOpeMbl O BTOPBIX IIPOU3BOJIHBIX

Bf) =Y axD Bf) => > axb,DMD"f) = > axb,D " f. »
A Ap

A, p

8.3.3. IuddepeHnnajbl BLICHINX ITOPSAIKOB

Hycts f € 2%(p). Oynkumo ¥ f(p) BekTOpHOI IEpEMEHHON v HA3BI-
BatoT k-m dupdepervyuarom GyHKIUI f B TOUKE p U OOBITHO 0OO3HATAIOT
cumposiom dFf (p). Buadenue sroit bynkmuu Ha BekTope v € R™ Gymem 060-
sHauath cumBosiom d¥f(p)(v). Taxum obpasom, k-it auddepertman bynK-
nmm f B TOuKe p — 310 oTobpaskenue d°f(p) : R — E, onpesensemoe s
byuxnuit kracca 2% (p) pasencrsom d¥f (p)(v) = 0% f(p).

KoopaunatHoe 1ipejcraBieHue Bbiciux AudpepeHnuasios.
Ecmm dyskmus f auddepennupyema k pa3 B Touke z € R™, To mist jirob0ro

BekTOpa v = (V1,... ,Uy) ClpaBemauBa (GopmyJia
k!
d%@xwlgij%<>
nl=kK

1, CJIeI0BATEIbHO, NUMEET MECTO PaBEHCTBO (PyHKITUI

d*f (x) §j D% dz)",

ll= K

rae dx = (dzy, ... ,dz,) — Habop auddepeHIuanoB cTaHJapTHBIX KOOD/IH-
mat B R".
L . k KH,ZLO k!
< df@) o) = 95 f@) 0 (S wD) e~ (T Honpa)
lul=Fk

U3 nokazannoit GopmyJibl 1 paBeHCTBa dX; (V) = v; CJIEIyeT, 9TO 3Hade-

wust bynkmmit dif(v) m Y %(D”f(m))(da:)" Ha KayKJO0M BEKTODE U COBIIa-
lul=k "
JaroT. 3HAYUT, 3TH (DYHKIUA PABHLI. P

Caenctsue. k-it mucddepennuan d¥ f(p) apisercs omHopoaHoii mo/HI-
HOMUAJBbHOM (DYHKIMEH cTerneHn k BEeKTOPHOH mepeMeHHOil.

B uwacTtHOCTH, BrOpOiil muddepenian GyHKIME [ B TOYKE P €CTh KBaJI-
parmanast hopMma. 1y GHOPMY HA3BIBAIOT 2eccuanom GYHKIMH f B TOUKe
.

KoopunarHoe mpejcTaBjieHue reccuana. Eciu f € 22(p), 1o

d*f(p)(v) = ZDD f(p)vv; Vv € R™.

ManI/IHy (h = D;D;f(p): 4,5 € {1,...n}) HaspiBalor mampuyet
T'ecce dyuxUIN f B TOYKE P.
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§ 8.4. Paznoxkenue Teitnopa

Teopema o Teitiopoom pazioxkenuu (TTP). Eciu f € 2%(p),

TO MMeeTCsI, i K TOMY 2Ke JIHIIb OIHH, nojauHoM A(v) = > a,v" crenenn
lul<k

< k nepeMeHHBIX U = (U1, ..., Up) TAKOIi, 4TO
flz) = Alw —p) + ¢(2), o) = oflz— p*)

(metinoposo paszaoorcerue nopsadka k dynkuyuu f 6 mouke p). B arom ciaydae

a., — Drie)
n pul
< EquncrBennocts. Ilycrs A(v) u B(v) — HOJMHOMBI, YI0BJIETBOPSIIO-

e 3aksodenuto reopembl u C(v) = A(v) — B(v). Torma C(v) . o(|v]).

ITycrs v € R™ — npoussosbHblii BekTop n P(t) := C(tv), t € R. Crenenn
nosmuaoMa P(t) mepemennoit ¢ e mpeocxomut k, mpudcm P(t) o o(th),

T. e. P(t) ects nosmuom Teiinopa mynesoit dynkiuuu nepemennoii t. Cie-
noBaresbuo, P(t) — HyJeBO#l MOJMHOM COIVIACHO TeopeMe O TeHJIOpOBOM
pasJioxkenuu i GyHkuuit oguoit nepementoit. [Tosromy C(v) = P(1) =0
upu so6om v. [lo kpurepuio copnagenust noanaoMos A = B (§8.3).
CymecrBoBaune. Oyukuus g(z) = f(z) — > %(m — p)* mad-
lul<k
depennupyema k pas B Touke p, nupuucm DFg(p) = 0, ecan |pu| < k.

IIycrs € > 0. Econ |p| = k — 1, ro D*g € P (p), upuucm DHg(p) = 0
u dD"g(p) = 0. Buauur, D*g(x) = of|z — p|). Crenosarensro, umMeer-
T—p

cst takoit map U ¢ nenrpom p, aro |DFg(z)|p < elz — p|l1 musa xaxgoro
x € U n moboro p nopsinka k — 1. TloaToMy, COrIacHO JIeMMe O CTENEHH Ol
OIEHKE TIPUPAIIEHUs, JJIs KazKJI0TO 4 nopsanka k — 2 u moboro © € U nme-
em |Drg(z)] < S|z —p|f u oo |D%(2)|lp < Hlv —plf Vo € U e
g9(@) = oz —pl*). »
z—p

Ionuurom A, ydacTByommit B 9TON TeOpeme, HA3BIBAETCA k-M noauno-
mom Tetinopa dynxyuu f 6 mouke p. Cormacno TTP u koopauHaTHOMY
[PEJICTABJICHHIO BBICIIUX AU PePEHIMAIOoB, 9TOT OJINHOM JOIYCKAET CJie-
JIYIOIIAE TPEJICTABJICHUS:

D# Mg v
PP S S

|
|l <k e

IMocienosarensuocrs  dbynxuuit 7 (z) LI p)z=p) =

il
= > W(z —p)*, 5 ={0,...} nazeBaior padom Tetropa Pynryuu

[u|=3
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f 6 mouke p. DTOT psiji MOXKET OKA3ATHCA KOHEYHBIM.
Nurerpanbuas dopmyna Teitmopa. Eciu dyskmus f auddepen-
nupyeMa k pa3 B KaxKJoii Touke orpeska [p, x| C R™, To

k—1 0

J T — kf(x(r)){x —
f(x)zdf(P)j! P>:/df( (T){ p>d(177_)k7

k!

.

- 1

rae z(7) =p+ (v — p)7.

<« IIycrs ¢(t) := f(x(t)) u v := z — p. Pyukuusa @(t) BemECTBEHHOM
nepemenHoii ¢ quddepeniupyema k pa3 aa orpeske [0, 1]Ju moromy corsacHo
unTerpajbHoii popmysie Teiinopa (§5.3)

k—1

J J k
p(t) = D‘pj(,o)t = %/D’fs@(t(r))d(l —7)%, t(r) =0+ (t = 0)7 = t7.
= )
()

U3 pasencra Do(t) = 0, f(p+tv) o unpyknuu 3akmoudaem, aro D7 o(t) =
=3 f(p+tv) := & f(p+tv){v). [IpeobpasoBas ¢ TOMOIITHIO ITOrO PABEHCTBA
dopmyny (x) u mosoxkus 3arem t = 1, mosyuInM JOKa3bIBaeMyto (HGOPMyIy.
>

JlarpaH>keBa oOIleHKa ocTaTka pasJjoxkeHuss Teitmopa. Ecim
dyukius f nuddepennupyema k pa3 Ha orpeske [p,xz] C R™ u ecau Ha
3TOM OTpE3Ke KazKJIas €C NPOM3BOJHAS MOPAIKa k OrpaHmTena KOHCTAHTON
S, To

k=1 i

df(p)lz—p)| _ S
fla) - Y HOUEZD ) < Syt
= ! !
<« ITycrs r — jieBast 9acTb HEpaBEHCTBA, U i= T —p A U 1= (|v1],... , vy
0
Torma r = > v [ DEf((t))d(1 t)k| < Y s =
lpl=k = 1 |nl=Fk
k
=( X |ul)"S =[S »
lul=k

ToBopsit, uTo nopadox xacarus Gynwkuyuld f u g 6 mouke p e MeubIe k,
ecsm onn coBnazator B Touke p u f(z) —g(z) = o(|z—p|*). Taxum obpasom,
opsiTOK Kacauus k pa3 muddepennupyemoit B Touke p pyHKIMN u ec k-ro
osimHOMa Teitytopa B 9TOI TOYKe He MeHbiie k.

VYapaxknenusi. 1. Kakos psa Teitmopa:

a) bymrxmm f(x,y,2) = v2y*2® B Touke 0 € R?;
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b) byskmn f(z) =1 :C\ {0} — C B Touke 1 € C;

¢) dyukuuu e® : C — C B Touke p € C?

2. Ecin nopsiiok Kacanust (GyHKIMA [ 1 HEKOTOPOT'O TIOJIMHOMA B TOUKE
P He MEHbINe HyJist, TO (PYHKIUsI [ HEIPEepPbIBHA B TOYKE P.

3. s kakumx HOMEPOB Kk CIPABEJIMBO CJIEyIOlee yTBepK aenne: Ecin
[TOPSAJIOK KacaHus QPyHKIUA f 1 g B TOUKe p He MeHbIIE k 1 eciau yHKIHS
g€ 2"(p), o f € Z*(p) m d*f(p) = d*g(p)? (Cwm. [7], §4.3)

4.  IoauromuasoHvle PASAOHCEHUA CYMMDL U Npouseederus. 1lycTb B
TOYKE p NOpsIKY Kacanusi byHKIwn f u moanHoMa A, a Takxke QyHKIMHA §
u nojmmHoMa, B He menbie k. Torma eciim h = f + g, TO HOPSIIOK KacaHUs
dbyukuuu h n nonunoma A + B B Touke p He MeHbIe k;

a ecau h = fg, To mopsiok Kacauus MyHKIMU h u nmoguaoMa AB B TOUKe
p He Mmenbie k. (Cm.§4.3.)

IMosmuoMuasibHOE pa3joXxkeHue kommo3uruu. Fcim h = go f u
nopsiku Kacauust dysknun f : Xcrn — R® u nosunoma A B Touke p € X,
a Takxke dbyHkimun g : Yers — E u nommuoma B B Touke ¢ = f(p) € Y me
MeHbITe k, TO TOpsJIoK KacaHus (MyHKIuU h u nojguaoma B o A B Touke p
He MeHbIne k.

<« Ecmm k= 0, To dysknun f v g HEIIpepbIBHBI B TOYKAX P U ¢. SHAYUT,
pasuocTh g o f — B o A HenpepbiBHA, PABHA HYJIIO B TOYKE P, U IOTOMY €CTh
0-MAaJIoe OT €JINHUIIBL TIPH T — P.

IIycts k > 1. I3 1pe/iIioCchbIIOK TEOPEMBI BBITEKAET, YTO PACCMATPHBAE-
Mble byHKIUE mpeictasumbl B Buge f(r) = A(x) + a(z)z — p|,
g(y) = B(y) + BW)|ly — q|¥, rne a m 3 — dbynxnmm, HempepLIBABIE B TOYKAX
P ¥ ¢, COOTBETCTBEHHO, U PaBHBbIE HYJIO B 3TUX Toukax. OTcioma

9(f(2)) = B(A(2)) = (B(f(2)) - B(A(2))) + B(f(2))If(z) - f(p)I".

Ham mocTaTodHo moKasaTh, 9TO KaxKJ0e CJIaraeMoe B IPaBOil 9acTu 3TOro
paBeHcTBa ecTb o-Majoe ot |x — p|* mpm x — p.

1. Ilycts V — 3aMKHYyTHIH map paauyca 1 ¢ MeHTPOM B TOYKe ¢. JacT-
Hble MPOU3BOJHbIe DYyHKIMKU B, Oyaydn TOJHHOMUATBHBIMA (DYHKITUIMH,
HEIPEPHIBHLI U TIOTOMY, B CUJIy TeopeMbl Belieprirpacca 06 3KCTpeMyMax,
Ha mape V Bce OHM OrpaHUYEHbI HEKOTOpoi#l KoHcTanToit ¢ € R. CormacHo
JIATPAHIKEBOI OIEHKe MPUPAINEHUs], I KayKJI0H mapbl TOYEK Yo,Yy1 € V.
cupaseiuBo HepaseHcTBO |B(yo) — B(y1)| < cyo — y1l1-

TTockosbky dyukimu f u A HEIPEPBIBHBI B TOYKE P, TO Y ITOH TOYKU
umeeTcs Takag OKpecTHOCTh U, uro npu jwobom © € U f(x), A(xz) € V n,
CJIEJIOBATEJIBHO,

B(f(x)) = B(A(2))| < ¢lf(2) — A(z)]1 = cla(z)s]e —pli ool -pl"),
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ubo o = o(1).
T—p

2. Tlockombky k > 1, To dyukuust f nuddepeHimpyemMa B TOUKE P U,
crenoparensho, f(x) — f(p) = O(|z —p|). A rak xax B(f(z)) = o(1),
T—p T—p

TO

BUF@)If@) = F@)" = olle—pl). »

JocraTo4uHblii IpU3HAK JOKAJIBHOTO 3KCcTpeMmyMa. Ilycrs f — Ta-
Kasl BEIIeCTBEHHAsT JBaXK bl JuddepeHnupyemMasi B TOUKe p (DyHKIWsI, 910
ec mepBbIit guddepeHImanr B 9TOil TOYKE eCcTh HyJIeBas JIMHEHHas (popMa
(df (p)v =0 Yo € R™ ). Torma:

1. ecmu reccnan Hv := d?f(p){v) dbyHkmum f B TOUKe p ABIAETCS TIO-
JIOKUTENTbHOM (OTPHUIATENHHON) KBaIPATHIHON (HOPMOI, TO p €CTh TOUKa
CTPOrOTo JIOKAJIBHOIO MUHAMyMa (MakcuMyMa) GyHKImn f;

2. ecJi K€ CyIIeCTBYIOT TaKue BEKTOPHI v U w, uto Hv > 0, a Hw < 0,
TO P He sIBJIZETCsI TOYKOM JIOKAJILHOTO IKCTpeMyMa byHKuu f.

< 2. Iycrs o, (t) := f(p + tv). Torma D?p,(0) = 92 f(p) = Hv > 0.
Iostomy mHa upsamoit {x = p + tv: t € R}, npoxousmeit depe3 TOUKy p ma-
paJLIeIbHO BEKTOpY v, (byHKIMs f MMeeT CTPOruil JIOKAJIbHBI MUHUMYM B
TOYKe p. SHAYUT, P HE TOYKA JIOKAJIbHOrO Makcumyma dyukiun f. [Tockosb-
Ky Hw < 0, TO 110 Takoil »Ke IPUIUHE P HE TOUKA JIOKAJTLHOI'O MUHUMYMA.

1. Homycrum, ato Hv > 0 Vv # 0. [I[JIH BCSIKOT'O TaKOI'O0 BEKTOPa v
Ha KaxXJO# IPAMOM, IPOXOAdIneil 4epe3 TOYKY P Iapajule/IbHO BEKTOPY U
dyHuKIMA f UMeeT CTPOrUil JIOKAJTBHBIE MUHAMYM B TOYKE p. SHAUWUT, P —
TOYKA CTPOTOTO JIOKAJIBHOIO MUHUMYMa (DbYHKIHH f — OMIHO0YHOE 3aKJIIO-
uenne! (CM. HOciI€/IiHee 3aMeUaHne TIIaBbI)).

Tak kak cdepa S™~! KoMmmaxTHa, a dynKims Hv HeIpepHIBHA, TO, CO-
IJIacHO TeopeMe Beitepmrpacca, ¢ min(Hov: |v] = 1) > 0. Iosromy
Hv > c|v]?*Yv € R™, u6o Hv — OJHOPOJHbII TIOJIMHOM CTereH: 2.

Iycrs w := f(z) — (f(p) + 3H(z — p)). o Teopeme o TeilmopoBoM
PA3JIOKEHUT W - o(|z — p|*. Cramo 6LITH, MMeeTcs Takas OKpecTHOCTH U

touku p, uto |w(z)| < ¢|lz —p|*> Vx € U\ {p}. Cienosarensuo, ms Takmx
x umeeM f(x) — f(p) = H(z —p) + w(z) > clz — p|* — |w(z)] > 0. »

Bameuannus. 1. Ksagparuunas dopma Hv = ) h; j0;0; HOJIOKATENb-
Ha, eCJIn:

a) OHa IpUBOJAUTCA (HAIpUMED, METOIOM ['aycca Bble/IeHns KBAJIPATOB )
K CyMMe KBaJIPATOB BCEX KOODJIMHAT;

b) cobcrBennbre dncta MaTpUUE! (h; ;) HOIOKUTEIBHB;

C) CHJIbBECTPOBLI MHHOPBHI MATPUIEL (A; ;) HOIOKUTEIbHEL
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Kypbcsbr. 1. CymecrByer ¢yHKIUs JIBYX IEPEMEHHBIX, KOTOpasl B
KaxKJ10if TouKe miockocTu R? obsasaeT BeeMH YACTHBIMHI IIPOU3BOHBIMU
JIIOOBIX TOPSIKOB, 6eCKOHEYHO aud depeHnupyemMa B KaXK 0 TOUYKe MIPOKO-
snoroit mwiockoctn R? \ {0}, ro xoTopas paspesHa B Touke (0,0).

< Ilyers 0(t) :=exp ((t* = 1)7!), ecom [t| < 1, m 6(t) = 0, ecam [¢] > 1.
Dyukrus § : R — R 6eckoneuno nuddepeniupyema (modeMy?), HOI0KY-
TesibHA Ha mHTepBase | — 1, 1] u paBHa HyIIO BHe €ro.

Ilycres P, — mapabosia Ha 1ockocT R2, ompesessieMasi ypaBHEHHEM
y72x2

2

y = ka?. Tonoxum 7(1,y) 1= (5( ) ,ecm ¢ £ 0, u 7(z,y) = 0, ecim
x = 0. Oyukiusg 7

1) nostouUTEIbHA HA OTKPBITOM MHOXKECTBE U, DACIIOJIOKEHHOM MEXKLy
mapabonamu P; u Ps;

2) ma mpokosioToit mapabose P \ {(0,0)} pasma e~ 1;

3) pasna mymo ma R? \ U;

4) 6eckoneuno auddepennupyema na R? \ {(0,0)};

5) obsajaer J00bIMUA YACTHBIMU [IPOM3BOAHBIMU JIOOBIX IIOPSIKOB, 00
ecu Kakas-aubo GpyHknus f objajgaer cBoiicrBaMu 1il. 3 U 4, TO PYHKIMS
0, f 0bamaeT STUMHI CBOICTBAMHE, KAKOB ObI HI ObLI BeKTOp v € R2.>

2. Cymecrsyer nuddepennupyemas dyuknusa f : R?2 — R, obua-
JIAIOIAsl BCEBO3MOKHBIMU YaCTHBIMU TPOU3BOJIHBIMU, TaKas, YTO B TOUKE
p = (0,0) muddepennuan df (p) paBeH HyJ0, MATPUIA BTOPLIX IIPOU3BOJI-
HBIX CHMMETPUIHA U MOJOXKUTEIbHA, CyKenune QyHKimn [ Ha J00YyI0 mpsi-
MYIO, IIPOXOJIANIYIO Yepe3 TOUYKY P, UMeeT CTPOTUil JIOKAJIBHBI MUHUMYM B
9TOi TOUKe, HO Jyia KOoTopoil Touka (0,0) He ABIAETCH TOYKOU JIOKAJIHHOIO
9KCTPEMyMA.

Hanpnyep: f(z,y) = (22 + y?)(1 — 2e7(z,y)), rae T — npeapitymas
KypbC3Has QyHKITUS.

Tnasa 9. OCHOBBHI I'NTAZIKOT'O AHAJINM3A
§9.1. OTobpakeHust kiaacca C”

IIycte U — orkpbiToe muOkecTBOo B R™. ToBopsT, 4T0 OoTOOpakeHme
f: U — E orxpsitoro B R¥ muoxecrsa U npunamexxut kiaaccy C” | ecin
B U ompejiejieHbl U HEIPEPBIBHBI BCE YaCTHBIE TMTPOU3BOJHBIE OTOOPAYKEHMST
f 70 mopsisika r BKIIIOYUTETHHO.

Ilycts X u Y — mpom3BOJIbHBIE TOMMHOMKecTBa mpocrpascTs RF i R
COOTBETCTBEHHO. bByneMm ropoputh, uro omobpasicerue f : X — Y npu-
nadaeorcum xaaccy C™, m mucars f € C7, ecjin OHO SABJISIETCSI CYXKEHUEM
HexoToporo orobpaxkenus f : U — R! knacca C”, rne U — orkpsiToe B R*
MHOKecTBO. Takue orobpaskenusi Has3bBalOT C” -0mobpastcenHuimu.
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Otrobpazkernns knacca C° menpepsiBHb, TockonbKy DO f := f. OTobpa-
kenust kinacca C" mpu 7 > 1 HA3BIBAIOT T-2A00KUMU WA T PA3 HENPEPLILEHO
dugpepenyupyemvimu. Ecmu f € C7 s Kaxkja0ro HaTypajabHOTO T, TO
oTobpakenue f Ha3bIBAIOT beckoneuro 2aadkum u mumyt f € C°,

Vopaxkaenusa. 1. CO'> 2! >C' > 22> ...C® = 9.

2. Kaxkoro kmacca riagkoctn dbynkmus f(z) = |x|7, T. e. gemy pasen
sup{r : f € C"}?

3. Koopdunammnoi kpumeput npunadasescrocmu kaaccy CT : oTobpa-
xernne f = (fi,..., fi) : X — R! npumagmesxur kmaccy C” Toraa m TOIBKO
TOTJIA, KOTJa KaxKgas ero kommonenTa f; : X — R ects C"-dyHKius.

4. Cymma, npoussefeHne, koMnosuius CT-0TOOpaykeHHUH SBJISTIOTCS
C"-0TOOpasKEHUSMI.

5. Orobpaskenne f : U — E npunamiexut Knaccy C™21 Torga u Tombko
TOTJIA, KOIIa Ha MHOXKeCTBE U OIpeIesIeHbl BCE YaCTHBIE IPOU3BOIHBIE 3TOrO
OTOOpAYKEHUS, IPUYCM MaTPUIHOZHAUHAS dbyuKIMSI
Df : U — E™ npunagexut Kiaaccy CT 1.

JleMMa o KJlacce ryaJiIkocTm obpaTHoro orobpakeHud. Ilycrs
f:U—Vug:V — U — HenpepbIBHbIE B3aUMHO 00paTHBIE OTODOPaYKEHMS
OTKPBITBIX HOAMHOXKECTB IpocTpancTBa R™, mpudcm orobpaxkenue [ mpu-
HagTesknT Knaccy OT21) a ero qudbdepenmman df () : R™ — R™ B xaska0if
touke x € U siBysiercs juHeRHBIM n3oMopdusmom. Torma g € C”.

<« Benovunas npasusio guddepennupoBanus oopaTHOil dyHKINN, 3a-
KJIFO9aeM, ITO oTobpaxkenue ¢ nuddepeHnupyeMo B KaxK 1ol Touke ¢ € V u
aro Dg(q) = (Df(g(q)))~!. Hns xaxoit o6patumoit marpuist z € GL(n)
nostoxkuM w(z) 1= z~1. DTo Mo3BOIIAET 3aMMCATE TPEIBLIYTITYI0 (hOPMYITY B
BUJIE

Dg=wo(Dfog).

Ilo ycnosuro dyurmus g : V — U npuaamexut Kiaccy C°; MaTpraHoszHat-
nag Gyukuusa Df : U — L(n) = R npHHAAIeKAT Kaaccy C1; onepammusa
w: GL(n) — GL(n) — xraccy C* (nogemy?). Caenosarensuo, Dg € C°,
u oromy g € C! u 1. 1., cinegosarensuo, Dg € C™~! u noromy g € C”. »

Orobpaxernune f : X — Y xmacca C7 6ynem naswBars C7-usomop-
Pusmom (obpamumvim 6 kaacce CT), eciu UMeeTCs Takoe OTOOparKeHue
g:Y — X kmacca C", uto go f = idyx, fog = idy. V3omopdusmbr
kiacca C" npu r > 1 HaswiBatoT Takxke dugpeomopdpusmamu xiracca CT,
Win r-2400KuMY udomoppusmamu, a ecan r = 0, To 2omeomopPuzmamu,
WA MONOAOLUNECKUMY USOMODPUSMAMU.

Bynem rosoputb, uro mHoscecmsa X u Y €T -usomopdHoul, U MUCATH
X c% Y, eciim cymectByer C"-uzomopdusm f: X — Y.
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Orobpaxenne ¢ : X — Y HazpBaior C"-BIOXKEHHEM, €CJIU €0 Cy KeHIe
v : X — p(X) asasgerca € -u30MopHUIMOM.

VopaxkHenusi. 1. ToxkmecTBenHoe oToOparkKeHme; OoTOOparkeHme, 00-
paraoe K C"-u3omopdusmy; kommoaurus C"-n3oMopdu3mMoB siBiisiiorcst C-n30-
MopdusMamMu.

2. Bcesxoe cyxenne ¢ @ S — T CT-pnoxenus spisercss C7-BJIOKEHIEM.

3. Jlio6oe adbdunnoe nrbekTHBHOE OTObpaskenue a : R¥ — R™ apisercs
C>°-BiokeHueM.

4. Okpyx#0ocTh 1 d7aunc C'*°-u30MopdHBI.

5. IosryokpyzKHOCTD 1 0TPe30K npsimoit C'°°-u3omopdubl. OKpYKHOCTH
U IIPOMEXKYTOK JIIOOOTO TUIIA HETOMEOMOP(HEI.

6. OKpyKHOCTH W TPAHUIA KBaJpaTa TOMOJOIMYECKH M30MODPMHBI, a
IJIaJIKO — HET.

DKCKypC B HPOIILTIOE

TeopeMa 0 BJIOKeHUU TpoMexKyTKa. Eciu f : T — R — Henpepsis-
HOe MHbEKTUBHOE oTobpaxkenue npomexkyrka 1, To muoxkecrso f (1) siBis-
eTCsl IPOMEXKYTKOM TOro ke Tuna 9to u T, a orobpaxenue [ : T — f(T)
SIBJISIETCsI TOIIOJIOTUIECKUM H30MOpdu3MoMm. « §3.2. »

Teopema o BjoxkeHuu kKommakTa. llycts ¢ : K — H — meupe-
PBIBHOE MHBEKTHBHOE 0TOOpaXkeHne KOMIIakTa K B MeTpUYeCKOe IIPOCTPaH-
crBo H. Torga noxnpocrpanctso ¢(K) C H KOMIAKTHO, a 0TOGpayKeHne
¢ : K — ¢(K) siBisteTcst TOIOJOTNIeCKUM n30MopdusmMoM. < §7.5. »

Nudopmariusa

Teopema o BiokeHum obsiactu. Ecim ¢ : U — R™ — unbekTus-
HOe HelpepbIBHOE OoToOpakeHme OTKphIToit dactu U mpocrpancrBa R™ B
upocrparcreo R™, To muoxkecrBo ¢(U) orkpbito B R™, a orobpakenue
¢ : U — p(U) sABasiercst TOHONOIHIECKUM U30MOP(hU3MOM.

CaencrBusi. 1. Teopema 06 mHBapmaHTHOCTH OOJacTu. Bceskuii
romeomopdusm g : X — Y mexmay mHOXKectBamu X, Y C R™ nepepoaur
BHYTPEHHUE TOYKU MHOXKecTBa X BO BHYTPEHHHE TOYKU MHOXKECTBa Y, a
rPAHUYHBbIE — B IPDAHUYHBIE.

2. Ecin muOoxkectBo X C  RF  comepskuT BHYTpeHHHE TOUKH
(IntRk X # @), TO HE CYIIECTBYET MHBEKTHUBHOIO HEIPEPBIBHOI'O 0TOOpa-
xenusd X B R upu | < k.

3. Ecim mmoxkecrsa X C R¥ u' Y C R” conepskaT BHyTPEHHHE TOUKH,
npudacM k £ 1, TO 9TU MHOYKECTBA TOIOJIOIMYECKH HEN30MOP(MHBI.

4. He cyrmmecTByer mI0CKOil KapThl BCeil 3eMHOIT TOBEPXHOCTH, T.€. HE Cy-
IIECTBYET HEIPEPHIBHOTO HHHEKTUBHOTO OTOOPaKeHUs C(hephbl B IIIOCKOCTD.
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JlemMMa o JIMIIIIUIEBOM BJIoKeHuu obsiactu. Ilycts U — oTkpbITOE
ITOJIMHOXKeCTBO OaHaxoBa mpoctpaHcTBa F u ¢ : U — E — takoe oTobpa-
Kenme, 9o (p — id) saBIgeTcd CcKUMAIONMM oTobpaxkenueM. Toria

1. MuoxectBo ¢(U) oTkpbITO B E.

2. Orobpazxenue ¢ : U — ¢(U) saBisgercs JUNIIUIEBEIM H30MOP(OU3MOM
(06paTHMO B KJIACCE JIUIIIUIIEBBIX 0T06pa>KeHm71).

<« Ilycrs f(2) := p(x) — x m A — koHCcTanTa JInnmmia orobpazkenust f.
ITo ycaoBuio A < 1.

1. JlocTaTouHO yCTAaHOBUTH, UTO y Kaxkzoi toukn q € ¢(U) mMeercs
€-OKPECTHOCTS, Jexamas B p(U).

[Tycrsb ¢ — npousBosibHast Touka MuOKecTBa (U ), p € U — rakas Touka,
aro ¢ = ¢(p), Bs — 3aMKHyTas ec J-OKpeCTHOCTh, Jjexamasa B U, € =
(1 = X)0 u r — kKakag-HUOYb TOUKa U3 e-okpectHocTu O, ToukuU ¢. s
HaIeli meJim J0CTaTouHo B mape By HaiiTu penienue x ypasHeHus r = @(x)
UJIM 9KBUBAJIEHTHOIO ypaBHeHus & = r — f(x), T.e. HAlTH HEIOIBUKHYIO
TOUYKy orobpaxkenus g = r — f.

Koncranra Jlunmmia orobpaxkenns: g paBHa A. 3HAYUT, 0TOOpaKeHME
g — CXKUMAIOIIEe.

TTokaxkem, urto g nmepesogut map By B cebsi. Eciu x € By, T.e. ecin
[z —p| <6, mo |g(x) —p| = |r = f(z) —pl = [r —q+@p) = flx) —p| =
r—q+p+ flp)—fl@)—pl <lr—a+1fp) - f@) <e+ A =0 e
g(z) € Bs.

ITap Bs ecTh 3aMKHYTO€e IIOJIMHOXKECTBO DaHaXOBa IpocTpaHcrsa F u,
BHAYUT, ABJISETCA HEIYCTHIM MOJHBIM METPUYECKUM IIPOCTPAHCTBOM. Ilo-
9TOMY CXKUMarolee orobpaxkenue g : Bs — Bs nMeeT HENOJIBUAKHYIO TOUKY
(§7.4).

2. Hns mobeix x,y € E nmeem:

a) [p(z) —pW)| = |z —y+ f(@) — f(y)] < (1 + A)|z — y| 1, crao Obirs,
0TOOpaKeHUe ¢ JINIIIUIEBO;

6) |z —yl = le(x) — f(z) — (e(y) — FW)] < le(@) — o) + Az = yl,

nHavde 1
o —yl < 7 le(@) = )],

u, ciaeposareibHo, orobpaxenue ¢ : U — o(U) GHEKTUBHO, [IPUYCM KOH-
cranTa Jlummuia o6paTHOro 0ToOpakKeHns: He IIPEBOCXOUT >
Caedyrowuts darm caysrcum ochosotls 2aadk020 GHAAUSG.
Teopema o siokansHo# ooparumoctu (TJIO). Ilycrs ¢ : @ — R™ —
Takoe r-IJIaJIkoe 0ToOparkeHrne OTKPLITOro B R™ MHOXKecTBa {2, 910 ero maud-
depennnan dp(p) B Touke p € ) ectb Juuelnbii nzomopduzm. Torma y
TOYKH P HANRJCTCS TaKas OTKPBITast OKPeCTHOCTh U, 9To:

1
=X
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1) muoxkectBo ¢(U) orkpeiTo B R™;

2) orobpaxenne ¢ : U — p(U) saBisiercs r-IIajKuM n30MOpGhU3MOM.

< Jouycrum cuaudasa, aro de(p) = id : R® — R™. B rakoii curya-
UU pasHoCcTh f = @ — id ecTh T-TJIQJIKOe OTODOparkKeHue, MPUUCM BCE €ro
YACTHBIE TIPOU3BOJHBIE B TOYKE P PaBHBI HYJH0. [IOCKOJIBKY YacTHBIE IIPO-
U3BOJHBIE OTOOPasKeHU ¢ U f HEIPEepBIBHLI B TOYKE P, TO y 3TOW TOYKU
MMEETCsT TaKasi OTKPBITasA BBIMYKJIas OKPEeCTHOCTE U, 9TO B KasKJ0i ec TOoq-
ke x det Do(z) > 0, a |D; f(z)|1 < § upu mobom i € {1,...,n}. Cornacuo
narpamzKesoit onenke npupamenus, |f(z) — f(y)|1 < iz — y|; aus mobeix
z,y € U, 1. e. orobpaxkenue f : U — R" ckumaromiee. B cuity JjieMMbl
0 JIMNIINTEBOM BJIOKeHnH obsiactu MHOXKecTBO V' := (U) orkpbiTo B R™,
a orobpaxenue @ : U — V gsisiercs romeomopdusmoM. Tem caMbiM 3TO
OTOGParKEeHNe yJIOBIETBOPSET yCIOBUSM JIEMMBI O KJIACCE TIaIKOCTH 0bpaT-
HOTrO OTOOpaskeHust 1 oToMy siBjsteTcss CT-m30MOpPU3IMOM.

Obwuti caywat. Tlycrs A := dp(p) m B — obparHbii K A nuHeil-
wplit uzomopdusm. Torma d(B o @)‘p = Bo A = id u, 1o gokazaHHo-
My, Y TOYKH p HaHJICTCA TaKas OTKPBITas OKPECTHOCTH U, 9TO MHOXKECTBO
V := B(¢(U)) orkpsiro B R™, a orobpaxkenue ¢ := Boy : U — V ecrb
C"-uzomopdusm. Tak kak A ssisercsa C°°-u30MoppU3MOM, TO MHOKECTBO
©(U), pasroe A(V), oTkpsITO, a orobpaxenue ¢ : U — o(U), Gymnyun Kom-
nosunueit C"-uzomopduzmon A o ¢, sBisiercss C"-uzomopdusmom. »

ITpuMepbI—yIpa>kHEeHUsI.

0. Teopema o raaagkom BJIO>KeHuUM objiactu. Ecim ¢ : U — R —
UHBEKTUBHOE r-TJIAJIKOe OTOOpakeHue OTKpbiToro B R™ muoxkectBa U u
ecan ero nuddepennman df (r) B Kaxaoit Touke x € U obpaTuM, TO MHO-
xkectBo @(U) orkpeito B R™, a orobpaxenne ¢ : U — ¢(U) sBasercs
P-TJIAJKAM H30MOPQU3MOM.

1. Hycrs ¢(x) = z + 2?sinz™2, ¢(0) = 0. Orobpaxenne ¢ : R — R
muddepennupyemo, D(0) = 1. Oxnaxo ero cyxenne f : U — f(U) Ha mro-
Oyt0 OKpecTHOCTH HyJist HeobpaTtumo. Kakoe yciosue TJIO He BhIoTHEHO?

2. Orobpazkenue exp : C — C 6eckoredno riajkoe, ero muddepenumalt
B kKaxkjoit Touke mosss C obparum. Opnako 310  oTObOpakeHme
2Ti-nepuoAnYIHO U moToMy HeobpaTtmmo. KakoBbl exp-00pa3bl BepTHKAIb-
HBIX W TOPU30HTAJIBHBIX TPSIMBIX !

3. Ilyctb U := Rx]| — 7, 7|C R? = C — ropusoHTajbHAs OTKPHITAs
nosoca, V := exp(U). Torga:

a) V:i=exp(U) = C\{z =z+iy:z <0, y = 0} — mwrockocTs ¢
paspesom;

b) orobpaxenue exp : U — V gasagerca C*°-uzomopduzmom. Ob6par-
HOE K HeMy OTOOpaskeHue OyJIeM HA3BIBATH 24G6HOT 6EMEBI0 A02apUPMa 1
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o0b03HaYaTD IIPUBBIYHBIM CUMBOJIOM In:

0

ecmn z = e, —m <@ <7, 10 Inz = In|z| + ib;

C) He CyIIECTBYET HEIIPEPBIBHOrO poosnkerns Gyukimn In : V' — C Ha
muOXKecTBO C.

Ilpuaoxkenwus.

1. KpuBosimneiinbie cuctembl koopauHat. Cucmemotl xoopdunam
(kapmoti) knacca C” Ha mHOKecTBe X C R™ HasbiBator C”-BJIOXKEHNE BHUJA
© = (p1,--- k) : X — RE. TIpu srom wmcna ¢q (), . .. , or(r) HasbIBAIOT
Koopouramamu mouky r € X 0mHoCumesvHo Koopourammmot cucmemst ¢.

Cropbektusable C"-orobpaxkenus Buna ¢ @ Ucgr — X C R"™ nHaswl-
BaOT napamempudayuamu MHOXKecTBa X. Ilpm 3TOM KOOpAMHATHI TOYKH
u = (uy,...,ur) € U Ha3pIBalOT mapamerpaMu To9Ka 1 (u).

IIpumepst u ynpaxkHenusi. a) Eciu X — BEKTOPHOE MOIIIPOCTPAH-
cTBO mpocTpancTBa R™ u wy, ... , Wy — KaKOW-HUOYyIb ero 6a3uc, To 0To0-
paxernme X — RF comocrapasromee KaxkaoMy BeKTOpy = = Y. tiw; € X
Habop (t1,...,l) €ro KOOpAMHAT OTHOCUTEJIHHO TOro Gasuca, sBJISIETCS
OGECKOHEYTHO TJIAIKOW CUCTEeMOM KOOD/IMHAT.

b) Orobpaxenne ¢ : R? — R?, onpegnensiemoe dopmyioit ¢(p,0) =
= (pcosf, gsinf), HasBIBAIOT NOAAPHOL Napamempusayueti TIockoeTr R2.
Ecom orkpoitble Maozkectsa U C RZ u X € R? \ {0} TaxoBbl, uT0 0T0Gpa-
xkenne 1 : U — X 6uekTuBHO, TO 0OpPATHOE K HEMY OTODparkKeHre HA3bIBAIOT
MOJISIPHON CUCTEMON KOOPJIMHAT Ha MHOXKecTBe X .

Turmanstit npumep: U = {(0,0): 0 > 0,6 €] — 7, 7|}, X ="mnockocts ¢
pazpesom"=R2\ L, rie L := {(z,y): 2 <0, y = 0}.

c) Hyers S2 := {(x,y,2) € R | 2% +y? + 2% = r?} — cdepa pamuyca
r > 0 ¢ nearpom 0 € R3. Orobpakenne p : R? — S2. onpenenstemoe dop-
myasoit p(a, 5) = (rcosa cosf,rcosa sin 3, rsin a), HasbIBaeTCs chepusie-
ckoti napamempusayueti cbepbt S2. Eciin U u X — Takue OTKpbITBIE YacTu
nnockoetn R? 1 cceprsr S? cooTBeTcTBeHHO, UTO OTOOpaskerne p : U — X
OMEKTHBHO, TO 00OpaTHOE K HEMY OTODparkeHre Ha3BIBAIOT CPEepUIECKOit Cr-
cTeMON KOOPAMHAT Ha MHOXKeCTBe X .

Tunmanetit npuvep: X = {(z,9,2) € S? | y > 0} — "BocTounoe moy-
mapue", U = {(a,8) € R?: o €] — w/2,7/2], B € [0,7[}. Yucna o u
HA3BIBAIOT MUPOTOH U 10aroToit Touku p(«, 3).

Kaxkoro kiacca riaJKoCTH pacCMOTPEHHBIE CHCTEMbI KOOPIUHAT?

2. PerynsipHble TOYKHU TIJIAJKOTO OTOOparkeHusi. [0BopsT, 9TO
p € X C R" peeyaspras mouka omobpasicerun (cucmemvr Pynruui)
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f=(fi,--.,fr) : X — R¥ wm, uro oroGpaxenne f peryispHo B TOY-
Ke p, ecyim OHO JaudHepeHnupyeMo B 9TOI TOUYKe, a ero jauddepeHIua
df(p) : R* — R* ectpb clopbexTuBHOE JHHElHOE OTOOpasKeHme (STMIMOD-
dbuszm). Iocsennee ycioBue paBHOCUIBHO yTBEPXKICHUIO "CTPOKU MATPUIIBI
SAkobu D f(p) nuneitno nesaBucuMbl".

JlemMa o peryiasipHOM JOIOJIHEHUM. Ecjm cucrema r-riiajJikKux Be-
mectBenHbIx byakuuii f = (f1,..., fi), 33/l@HHBIX Ha OTKPBITOM B R™ MHO-
»xectBe (), perysisipHa B Touke p € 2 u k < m, TO CyIIECTBYeT TaKoii Habop
g = (91, ,9n—k), 9T0 OorOOpakenue ¢ := (f,g) : Q@ — R™ peryusapuo B
TOYKE P.

<« Tlo yenosuro marpuna dxobu D f(p) comepxkut k JuHeHO He3aBU-
CUMBIX cTOJIONOB. /abbl yrpocTuTh 00O3HAaUEHUs, OYJIEeM CUATATH, YTO ITO
repBbie cTosI01bl. O603HAYNM CTaHIaPTHBIE KOOPINHATHI ITpocTpaHcTBa R™

OyKBaMU T1,...,Tk,Y1,---,4 ©u uycrb x =  (r1,...,T), a
y:i=(y1,---, Y1)
HyCTb gz(‘ray) = Yi, v € {17 - = k}v g = (glw . agnfk)

Pacemorpum orobparkenue ¢ : 0 — R™, 3amanHoe dbopmymoit o(x,y) =
= (f(z,v),9(x,y)). Marpuna fIkobu 3T0ro O0TOOparKEHUs UMEET CJIELyIo-
Uit BUAJT;

D¢ 5t 3L 9s ur
v (5 8) (0dh 12%,)
z,y) as g2 €My 1eMy
Canenoparesbho, det Dp(p) = det %(p) #£0. »

JlemMa 0 JIOKaJIbHOM HaJiOXKeHWu. Ecam p — peryisipHas TOYKa
riaagaKoro orobpazkenns f: € — R¥ orkpoiroro B R™ mmoxkecrsa €2, TO
obpas f(Q2) comepKuUT HEKOTOPYIO £-OKpecTHOCTH Touku f(p), T. e. f(Q)
SIBJISIETCST OKPECTHOCTBIO TON TOUKH.

<« Eciin k = n, To nemma ectn npsimoe citencrsue TJIO.

Hycrs k <nug= (91, ,9n—k) — Takoil HAOOD rIAAKUX DYHKIMIA,
uro orobpaxkenue ¢ := (f,g) : & — R™ perynspuo B Touke p. Ilo TJIO
9Ta ToUKa 00s1a/18eT OTKPbLITOH okpecTHOCTBIO U, 06pa3 V := ¢(U) koropoit
OTKpPBIT B R™ U HOTOMY COZIEPZKUT HEKOTOPYIO £-OKPECTHOCTH TOUKH O(P).

[ycrs 7 : R® — R* — npoexnust, onpenensemas opmyoit 7(x,y) = .
IMockonbky f = wo g, to f(U) = w(p(U)) = w(V). Ocracrcsa 3aMeTHTS,
YTO MPOEKIUS T MEPEBOIUT E-OKPECTHOCTH TOUEK B £-OKPECTHOCTH 0OPa30B
stux Touek (m(O:(x,y)) = Oc(x)). »

Cnencreue. Ecim orobpazkenme f : Q — R¥ perymaspro B Kazkmoit
TOUKe OTKpPBITOTO B R™ MHOMKecTBa (2, To 06pas f(£2) orkpsir B RF.

3. PYHKIUOHAJIBLHO He3aBUCUMbIe cucTeMbl QyHKIuii. [oBopsT,
970 Ha MHOXKecTBe X (DYHKIMSA ¢ BbIpaykaercs depe3 dpyukmuna fi,. .., fk,
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ecam cymectByeT Takast GyHKmst oy, ... ,Yk) : Yere — R, 910 1181 BCsI-
koro z € X cupasemeo paBeHcTBo () = affi(z),. .., fi(z)). ToBopsr,
qro GYHKIWMA f1,. .. , fr GYHKIIMOHAILHO 3aBUCUMBI HA MHOXKeCTBe X, ecyin
HA 9TOM MHOYKECTBE OJ[HA U3 HUX BBIPAXKAETCS Uepe3 OCTajbHBIE.

docTaTounblii mpu3Hak @yHKITMOHAJIBHON He3aBUCUMOCTHU. Ecim
cucTeMa TIIaJKUX BermecTBeHHbIX dyHkuuid f = (f1,..., fr11), OIpeIeacH-
Hast Ha OTKPBITOM B R™ MHOXKecTBe {2, 00/1aJ1aeT PerysisipHOil TOYKOil p € (2,
TO paccMaTpuBaeMble DYHKIMH Ha MHOXKeCTBe ) (DYHKIINOHAIBHO HE3aBH-
CUMBI.

<« ouycrum, uyro 310 He Tak. Hanpumep, myctb o(yi,...,Yk) :
Y — R, Y C R¥ — rakas dynxnus, uro fr.1(z) = a(fi(z),..., fe(z))
npu JjoboM x € (). DTO O3HAYAET, UTO I KayKJOro TaKoro X TOYKa
(fi(x),..., fu(x), frr1(x)) pacnonoxena Ha rpaduke I}, dyHKIUM @) T. €.
f(Q) c I,. Cornacho jemme 0 JIOKaJIbHOM HajioKenuu, rpaduk I, comep-
JKHUT MIApuK ¢ 1enrpoM f(p) — abeypa, ubo Jiobasi BepTUKAJIbHAS IPAMAst
nepecekaer rpaduk GyHKInn « He Oosiee, YeM B OIHOI TOUYKe. W

Vopaxkuenne. Ecm f = (fi,...,fr) : X — R¥ — xapra (cucre-
Ma KOODAMHAT) Ha MHOXKecTBe X, TO jobast (PyHKIUs ¢ Ha MHOKECTBE X
BBIpa3uMa 4epe3 (PYHKIUH CUCTEMBI f.

4. Teopema o HesiBHOWU dyukuuu. Ilyere © = (z1,...,25) ©
y = (y1,-..,y) — CTaHIApTHBIE KOOPJWHATHI B mpocTpancTBax X — RF
uY = R! coorsercrsenno; f(z,y) : @ — Y — r-ragkas dbyHKous Ha
OTKpBITOM B X X Y MHOX)ecTBe {2 1 mycTh M — MHOXKECTBO PEIeHn ypaB-
wenud f(x,y) =0€Y,az = (p,g) €M — rakoe perienue, 4T0 MaTPULA
g—g(p, q) obparuma. Torma y ToUKu z HalijcTCA Takast OKPECTHOCTD ), 9TO:

1) muOxRecTBO M, := M NS, aBisercsa rpaduKOM HEKOTOPOH T-IJIAIKOI
dbyuknun « : U — Y, 3agannoii na orkpoitoM B X MHOKecTBe U

2) nuist Kaxkoit Touku & € U BBIIOJHEHO PABEHCTBO

20w~ (Lo (L),

< 1) Iycrs ¢ : Q — X X Y, — orobpaxkenue, onpeensiemoe HopMyIoit
o(x,y) = (z, f(z,y)). Ero marpura fdxobu nmeer BuL

) )
gr s\ (1 0
af of ) —\of or |-
dz By dx Jy

Crnenosaresnbuno, det Dp(z,y) = det (Zf(x,y)> V(z,y) € Q (%)
Y
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u noromy det Dip(z) = det (g—i(z)) # 0. Ilo Teopeme o JioKaJIbHOIT 06pa-

TUMOCTH y TOYKH 2z = (P,q) €CTb Takas OKPECTHOCTH {),, YTO MHOXKECTBO
O = () orgpeiro B X X Y, a orobpaxenue ¢ : ), — O sapisercs
C"-uzomopduszmom. Ilycrs ¢ : © — Q, — obparHblit nsomopdusm. Tax
KaK Ipeobpa30BaHue (p COXPAHLAET IIEPBYIO KOOPAUHATY TOYKHU, TO OOPATHOE
K HeMy OTOOpazkeHue ¢ 00s3aHO0 TOXKE COXPAHIATD 3Ty KOOPIUHATY, T. €. JJIsi
orobpazkenus ¥ : O — X x Y umeer mecro dopmyna ¥(x,y) = (z, h(z,y)),
e h — dyukius u3z © B Y. Ormernm, aro b € C, TOCKOIBKY h siBJIsieTCst
onHoM 13 KomroHeHT C”- 0ToOpaXKeHust 1.

IIycts U := {z € X: (z,0) € ©}. ,Z[ﬂﬂ Kaxka0ro ¢ € U 1osjokum
a(x) = h(z,0) n nokaxewm, uro M, = I, := (rpaduk «).

Iycrs (x,y) € M., m. e. f(x,y) = O u (z,y) € Q.. 3uaunt, p(z,y) =

= (z, f(z,y)) = (z,0) € ©. Cnenoparensho, z € U u (z,y) = ¢(p(z,y)) =
= ¥(x,0) = (, h(z,0)) = (z,(x)) € To = M C L.

Hycrs (z,y) € Ty, = e. (2,00 € © uy = a(r) = h(z,0). 3ua-
qur, (z,y) = (x,h(z,0)) = ¥(x,0) € Q,. Cuenosarensuo, (x, f(x,y)) =

olz,y) = @@(z,0)) = (z,0) u noromy f(z,y) = 0. Tem cambiM,
(r,y) € Q. NM = M,. Urax, I, C M, C [,.

IIyers j : X — X x Y — Bnoxenue Ha yposenb 0 (j(z) = (z,0)), Tax
kak U = j71(0), a = hoj, j € C® heC", to U orkpeito B X (Kpurepwit
r106aJIbHOM HenpepbiBHOCTH §7.4), a av € C7.

2) BeickasbiBanue f(x,a(z)) = 0 Vz € U paBHOCHIBHO yTBEDXKIE-
auio "f o A ectb HyneBoe orobpaxkenue", tme A : U — X XY — or106-
paxenue, 3anasaemoe dopmysoit A(z) = (z,a(x)). Cornacuo HI,ZLK §8.2,
Ve e U D(f OA)|ac: Df(A ())'DA():(%(A(I)) x)))-

'<6“1<w)>< @) + (5L A@)) - (§2(@) 0.

OcracTcst TOKa3aTh , 9TO G—(A( x)) — obpaTuMasi MAaTpHIA IPH JTIOOOM
zel.

Tak xkak mpeobpaszoBanue @ : ), — O obparumo B Kjaacce auddepen-
upyeMbIx orobpazkenuii, To Marpuna Dp(z,y) obpaTuMa B KayK 10l TOYKe
(x,y) € Q, (TOOO §8.2). U mockomnbky A(x) € M, C ), upu mob6om
x € U, 10 B cuity paBeHCTBa (*) JUIst TAKUX & MATPUIIA %(A(m)) obparuMa.
>

§9.2. Muoroobpasusi B R”

MmuoxkecrBo M C R™ nHaswbiBaior k-meprvim mrozo0bpaszuem xaacca CT,
ecnn 'y KaxkJioit Toukn p € M wmmeerca oTkpbeiTas B M okpectHocTh W
(3W € On(p)), CT-uzomopdHas aubGO HEKOTOPOH OTKPBLITON YacTU IIPO-
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crparcTBa R, 1160 HEKOTOPOI OTKPBITOI YACTH HOJIYIIPOCTPAHCTBA Rﬁ.
OpHOMEpHBIE MHOI00O6pa3usi OOBIYHO HA3BIBAIOT JIMHUSIMU, IBYMEpPHBIE —
HOBEPXHOCTIAMH, & k-MepHble — k-MepabiMu nosepxuoctamu. ([lonsrTue u-
HUW, Oy/Iy9Iu SMIUPUIECKUM, OoJjiee IMUPOKOe, HEXKEIN MATEMATHIECKOE TI0-
HSITHE OJIHOMEPHOro MHOroo6pasust. OOBIYHO JIMHUS — ITO OObEINHEHHE
KOHEYHOTO HADOPa OTHOMEPHBIX MHOr0OOpasuii. To ke MOXKHO CKa3aTh O I0-
HATHI MOBepxHOCTH.) Muoroobpasus kiracca CT2! Ha3LIBAIOT 7-TJIaIKIMHU.

IIpumepsr u ynpaskuenusi 0. OTKpbITBIC acT mpocrpancTsa RF u
IIOJTyTPOCTPAHCTBA R’j cyTb k-mepHBbIE MHOTOOOpa3us Kiacca C'°.

1. Komneunsie muoxkectBa B R cyTh HyJIbMEpHbIE MHOTOOOPA3Ms KJ1acCa
C*. Ilouemy?

2. JIwoboit mpomexkyTok mpsimoii B R™, sjuturic, runepbosia, napabosa
cyTb Geckonedno ryaiakue jmauu. ['paduk Gynkuun |z| — jgunug kiaacca
C°. Byksa T ne apagerca maoroobpasmem. [Togemy? (ITomckas: cieacTsue
TEOPEMbI O BJIOXKEHUH IIPOMEXKYTKA. )

3. Kpyr, cdepa, nosrycdepa, mIoCKOCTb U MOJIYILIOCKOCTb B R™ cyTh 110-
BepxHocTH Kitacca C'°°. Konyc Broporo nmopsijika u o0'beinHeHE Tapbl Hela-
paJLIeNbHLIX IIocKocTel B R3 He aBIIOTCS TBYMEPHBIMI MHOTOOOPA3HIM.
TTouemy? IloBepxHocTu Kyba u TeTpasipa CyTh ABYMEDPHBIE MHOIOOOpa3us
kiacca CO.

4. Map B R3, a Taxke Ky6 1 TETPA3AP CYTh TPCXMEPHbIE MHOIOOODA3HSL.

5. Ilycroe MHOXKECTBO siBJIsteTCsi k-MEpHBIM MHOTOOOpa3ueM IMpu JII0OOM
ke N.

6. Hemycrtble MHOr0OOpa3ust pa3InvIHbIX Pa3MEPHOCTEN TOIOJIOTMIEeCKU
Hen30MODPQHBI (CJIEJICTBHE TEOPEMBI O BJIOXKEHHU 0BIACTH).

7. Kouduryparmontoe mpocTpancTBO MEXAHUIECKOH CUCTEMBbI (MHOXKE-
CTBO €C BO3MOXKHBIX IOJIOXKEHUI), KAK IPABUJIO, SIBJIAETCS TJIAJIKUM MHO-
roobpasuem. Ero pazmepHOCTh HA3BIBAIOT YUCJIOM CTENeHeil CBOOOIBI ITOM
CHUCTEMBIL.

8. 3a7aTh KOH(UIYPAIMOHHOE HPOCTPAHCTBO JIETSIIEro B R® Kombs
ypasuenueM B R u y6enuTnes, 4To OHO ecTh HmATHMEpHOE MHOroOGpasie
kiacca C. (PaciosioxkeHue Kolbsl OIPEIeIseTcs MOJOKEHUIAMEI ero Haua-
JIa ¥ KOHIIA. )

9. Kaxkast Touka k-MepHOro MHOroobpasus kiacca C” obiiaiaer okpect-
HOCTBIO, CT-m30MOpdHOIT G0 pocTpancTsy R, 6o moaymnpocrpascTBy
RE.

Touky p k-meproro mHoroobpasusi M Ha3bIBAIOT kpaliHeli, €Cju y Hec
HeT OKpecTHOCTH B M, romeomMopdHOI HEKOTOPOiT OTKpbITOi Yactu U mpo-
crpancrsa R*. MHoKecTBO KpailHnx Todek MHOroobpasmst M 06o3HaIAIOT
cumBosiom 0 M u Ha3bIBaIOT Kpaem MHOroobpasus M.
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VYupakaenus. 0. Kpait HysbMepHOro MHOroo0pa3ust IycT.

1. 9a < b] = {a,b}.

2. Besikoe k-meprOe BekTOpHOE o ApocTpancTtBo B R™ sBirsiercs k-mep-
HBIM MHOTOOOpasmem kiacca C'°° 6e3 Kpast.

3. 08% =10.

4. JlemMa 06 OTKPBITBHIX YacTsax MHoroobpasus (JIOUM). Kax-
Jast OTKpbITas 9actb M’ muoroobpasus M knacca C” gBiIsieTcst MHOTOO0-
pasuem kyacca O, npaaem O M’ = M’ N M.

5. Jlemma 06 uzomopdusme muoroobpasuii (JIIM). Eciu oro6-
paxenwne ¢ : M — X k-muoroobpasus M kiacca C” asisiercs CT-u3oMop-
dusmom, To X ecrb k-muoroobpasue kinacca C”, npuucm 0 X = (0 M).

6. Ppaduk I'y C"-orobpazkenus f : U — R! orkpsrroro B R* muoxkecrsa
U saBnsiercs k-mepubim CT-MHOrOOOpasueM 6e3 Kpas.
< Honckas: ¢(z) := (z, f(z)) : U — Iy u n(z,y) :== « : ' — U B3anmHO
obpaTHble orobpakenus, ¢ € C", m € C°°, U — k-mepnoe C'°°- MHOTO0ODA-
3ne 6e3 Kpas. >

JlemMa o0 Kpae MoJrympoCTpPaHCTBA.

IRk = F .= FTRkRIi :{xeRki z1 = 0}

<« ITocKombKy MHOYXKECTBO Ri \ F' OTKDBITO Kak B R’jr, tak u B RF, 10
OR* C F.

[ycrs p € F. Tpemmnonoxum, uro p ¢ ORY | 1. e. uro y Touxku p nme-
ercsa okpectHocTh W C Rﬁ, romMeoMopHasi HEKOTOPOIl OTKPBITOM dacTu
npocrpamcrsa, RF. CoracHo Teopeme o Bioxkenun obsactu, W OTKDPBITO
B R¥. CremoBarensno, W me momemaercs B mosynpocrpanctso RF | u6o
COJIEPKUT TOUYKY p € F — mporuBopedne. 3HAYUT, P € 8]1%’1. >

Teopema o kpae MHOroobpasmsi. Kpaii k-MmepHOro MHOrOOOpasms
M xuacca C" sBastercs (k—1)-mepabiM MHOr0OOpasuem 6e3 Kpas kiaacca CT.

<« Ecir p € O M, 1o cymectByior orkpbitast B M okpectHocts W n
C"-uzomopdusm ¢ : W — R’i. [Iycrs V := W N o M. Tlo ilemme 06 OTKpBI-
TBIX 9acTsaX MHoroobpasuss V = 0 W, a mo jemme 06 uzomopdusmMe MHO-
roobpasuit u JeMMe O Kpae IOJIyIIPOCTpaHcTsa V' c% 8Rﬁ = F. Ocracrcs
3aMeTHUTh, 9T0 F’ C’i R¥=1 11 ur0 V orkpniTo B O M. B

PaccmorpuM MHOXKECTBa, OpejieisieMble CHCTEMAME COOTHOIIEHUIT Cie-
JIYIOIIUX JIBYX THIIOB:

Ai(2) = o= fulz) = 0; M
h(z) 2 0, fu(z) = ... = ful2) = 0, (1
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riae h, f1,..., fr — BelecTBeHHbIE T-IyIajKue (DYHKIUM, 3a/IaHHbIE HA OT-
kpbiToM B R™ MHOXKecTBe ().

Pemenne p cucrembl ypasrenuil (I) HasbiBaercsi peryssipHbIM, €CJId p
ecTb peryJisipHast Touka cucreMbl GyHkumit f = (f1,..., fr)-

Teopema I o perynsspHbIX pereHusix. Muoxectso M perynaspHbIX
perrennii cucremsl ypasaennii (I) sBisercst rnagrum (n — k)-MepHBIM MHO-
roobpasmem 6e3 Kpas.

Pemenne p cucrembr coornomenunii (1) HaspiBaeTCAa BHYTPEHHUM, €CJIA
h(p) > 0, u rpanuunsiM, eciu h(p) = 0. BuyTpennee pemenue p Ha-
3BIBAETCS PETYJSAPHBIM, €CJIU P — PEryJsapHas TOYKa CUCTeMbI (DYHKIUI
f = (f1,-.., fx). Ppanugnoe pemenue p HA3BIBACTCI PErYJISAPHBIM, €CJIH
p — peryiisipHast Touka cucreMmbl Gyukuuit f = (h, f1,..., fi)-

Teopema II o perynspHbIx pernieHusix. MuoxkecTtBo M perynaspHbIX
perrennii cucremsl (II) siBisiercst (n — k)-MepHBIM VI8 IKUM MHOTOOGpa3MeM,
Kpail KOTOPOTro €CTh MHOYKECTBO PETYJISPHBIX MPAHMYHBIX PEIIEHUH CUCTEMbI
ypaBHEHUN

hz) = fi(z) = -+ = fe(z) = 0. (I1I)
L1t U3I0YKeHNsT JOKA3ATETLCTB TOCTEHUX JBYX TEOPEM BBEJICM CJIE]Ly-
fomue obosmaterus: ¢ :=n—k, X =R, x:=(z1,...,24) € X, Y := RF,

YV, E i {(r,y) € XxViy— 0} — X x {0}, [ = (froo s ) ¢
Q=Y E ={(z,y) e XxY:21 >0,y =0}, F:={(z,y) € X xY:
x1 =0,y =0} =0 E,.

Teneps cucremst I u II umeror Bug f(z) = 0 u h(z) > 0, f(2) = 0,
z € Q, a muoroobpazus E u E| cyTb MHOXKECTBa peIeHUl MpOCTeHImx
perynsapubix cucteM tuma [ u 11

<« [. ITycts S — muoxkectBo Bcex perennit cucrembl I u p € M. Co-
IJIACHO JIEMME O PeryJsipHoM momojHeHun §9.1, mmeercss Takoit HAOOp ¢,
COJIEPIKAIIIIT ¢ BEIIECTBEHHBIX T-IVIAJAKNX DYHKII 9TO 0TOOpaXKeHue p 1=
(g, f) : © — R™ perynsipHo B ToukKe p. B naHHOl cuTyanum 3T0 paBHOCHIIb-
HO dopmyie det ¢’ (p) # 0. ITo TJIO umeercs: Takast OTKPHITask OKPECTHOCTD
U rouku p, uro muoxkectBo V := ¢(U) orkpoito B R", a orobpaxenue
@ : U — V gBiasiercsd r-TyiagKuM T30MOPQOU3MOM.

Iycrs ¢ : V. — U — obparusiii usomopdusm, S’ := SNU, F' =
E N V. Herpyano 3amMeTuTh, 9TO U30MOPMU3M (p Ipeodpa3yeT MHOXKECTBO
S" B E', a ¢p — obparno. Cnenosarensno, S’ = E’'. Tak xak ¢ : U — V

cr
obpaTuMo B Kiiacce JuddepeHupyeMbIiX 0TOOPaXKeHUl, TO ( PEryJsipHO B

kaxxgoit Touke r € U. Cnemosarensno, S’ = M N U. OcTracTcsa 3aMeTHTD,
aro S’ orkperTo B M, a E' orkpwiTo B E 1, cramno 6ertb, E' C"-nzomopdHO
HEKOTOPOII OTKPBITOH dacTu npoctpancrsa RI. »
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<« 1. IIycTp S — mHOXKECTBO Beex pertennit cucreMsl 11, T' — MHOXKeCTBO
€C IPAHUYHBIX perteHuil u p € M — IPOU3BOJILHOE PEryJIsipHOE PEIleHue.

1. HomycrmMm, uTo p — BHyTpeHHee pemenue, T. €. p € M’ := M N,
e = {z € Q: h(z) > 0}. [lockonbky M’ gBISIETCS MHOXKECTBOM pe-
DYJISIPHBIX PEIeHuil CHCTeMbl |, paccMaTpuBaeMoii B OTKPBITOM MHOYKECTBE
Q', To, cormacHo Teopeme I, y Touku p mmeercsa oTKpbiTas B M’ okpecr-
noctb W, C"-uzomopdnast HeKOTOPOIl OTKPBITOH dacTu mpocTpaHcTBa RY.
ITockoneky M’ orkpwito B M, To W oTkpbiTo B M.

2. Homyctum, 94TO p — peryssipHoe IpaHnndHoe pernerne cucremsr 11, T. e.
aro p € M NT. CoryiacHo JiemMMe O peryJsipHoM jonosaenun §9.1, mmeer-
¢ Takoil HabOp ¢ BEIIECTBEHHBIX T-IVIQJIKUX (DYHKIHI, 9TO OTOOpaKeHIe
¢ :=(h,g,f) : Q = X XY peryngpsao B Touke p. B maHuoii curyaiuu 3ro
pasaocusibao dopmysie det ¢’ (p) # 0. Ilo TJIO umeerca Takas OTKpbITAst
okpecraoctb U rouku p, uro muoxkectBo V := ¢(U) orkpeiro B X X Y,
a orobpaxkenne ¢ : U — V gpisierca r-rmagkum m3omopdusmom. Ilycrs
vV — U — obparubiit mzomopbusm, S’ := SNU, T :=TNU.

C apyroii croponsr, nycts E' := E, NV, F':=FNV.

Herpyauo 3amernts, uTo n3zomopdusm p mpeobpasyeT mapy MHOXKECTB
S T" B mapy E',F’, a ¢ — obparno. Tak xax E’' — OTKpbITas 9acTb
(-MEpHOr0 BEKTOPHOTO HOJIynpocTpancTsa E, To, cormacno JIOYUM, E’
ecTh g-MepHoe MHoroobpasue kijacca O, a F' = O E'. Ilo JIUM S’ ecrn
g-mepaoe C"-Muoroobpasue, a T = 9 .5'.

Tak kak ¢ : U — V obparumo B kjacce quddepeHnpyeMbix 0TOOpaKe-
HUii, TO @ perymsapHo B Kaxkaoi Touke x € U. Cnemosarenbno, S’ = M NU
orkpeITo B M. ITockonbky S’ C"-uzomopduo V, a V C"-uzomopdHO HEKO-
TOPOIl OTKPBITON YACTH TOJIyIpocTpaHcTBa RY, TO, ¢Taio OBITH, Y TOYKU P
HanIach oTkpbiTasg B M okpectHocTb, C"-u3oMopdHas OTKPLITOH YacTh
rosrynpocTpancTBa RY.

W3 sroro u 3akmodenus . 1 caemyer, 9ro M sIBJIsIeTCST ¢-MEPHBIM MHO-
roobpazuem kiacca C”. Kpome toro, us 1.1 ciregyer, 910 BCSIKOE BHYTPEH-
Hee peryssipHoe pertenne cucrembl 11 me jexxur va 0 M. A coorHomienne
peT =085 uzu 2u JIOUM ropopar o ToM, U9TO KaxKJ0e I'PAHIIHOE
peryJisipHO€e PeIlleHne SBJISeTCs KpaiiHell TOUKoii MHOroobpasust M. »

Omnmcanne ycrpoiicTBa MHOXKeCcTBa Beex pernennit cucrem | n 11 BOm3n
HEPEryJIsIPHOTO PEIeHus, & TaKyKe MHOYKECTB, 38/[aBaeMbIX 00JIee CJIOKHBI-
MU CHCTEMAaMHU, HYXKJAeTCS B CIIEIUAJTHBHOM AHAJIH3E.

JlemMma o siokasibHOM BJtoxKeHuu. [lycts f = (f1,... , fn) : @ — R™ —
rIaKoe oTobpakeHne orkpbiToro B RF mMuoxectBa Q u p € ) — Taxas
TOYKa, 4T0 cToJIONbl MaTpuibl Axobu D f(p) nuneitno nesasucumbl. Torga
y TOYKH P HAWJCTCA TaKas OTKPBITasg OKPEeCTHOCTH U, 9T0 oTobparkeHme
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f: U — R" geusgercs riaJkuM BJIOXKEHHUEM, U, CJIEI0BATEILHO, MHOMKECTBO
M:=f(U) ectb ryazkoe k-MepHOE MHOrooGpasue.

< B panmnoit curyarun marpuna D f(p) conmep:kut k JuHENHO He3aBU-
CUMBIX CTPOK. MOXKHO CUATATh, YTO ITO — IIEPBBIE CTPOKHM MATPHUIIBI, U
pacemorpuM orobpazkenne @ = (fi,..., fr): Q — R¥.

Crpoxkn k X k-marpurel Do (p) AuHeiHO HE3aBUCUMBI U TIOTOMY y TOUKH
P UMeeTCsl TaKasl OTKPBITas OKpecTHOCTH U, uro mHOKecTBO V = ¢(U) ot-
kpbITo B R* | a orobpazkenue ¢ : U — V sBiisiercs ria kunM n30MOpGH3MOM.
IIycts ¢ : V — U — obparnbrii nzomopdusm u 7 : R — R¥ — npoexrus,
ompeeiiieMast GOPMyYIOit (L1, ... , Tk, ... ,Tp) = (X1 ... ,2). [TockoabKy
Yu € Q p(u) = 7(f(w), 10 Vu € U u — p(p(w)) — w(x(f(u))). Oreioma,
npejicraBus 00yt Touky © € M = f(U) B Bune z = f(u),u € U, 6ymem
mvers ¢ = f(u) = f(Y(n(f(u)))) = f(¥(r(x))). CrenosarensHo, orobpa-
xeuust f:U - Muyorn: M — U — B3anMHO 00paTHBIE M30MOPMU3MBI.
»

IIpumep. OrobGpaxenue z : T =|0, 27 [— C, onpenensemoe dbopMyIIoii
z(t) = cost + %sin 2t, MHBEKTUBHO, NMPUHAAIEKUT Kiaccy C°°, mpudacm
Dz(t) # 0 npu mobowm t. Oxpmako ono maxke e apisterca CO-Broxenmen,
ubo muoxkecrso ero s3uHadenuil z(7T') ("BocbMcpka") KOMIIAKTHO U IIOTOMY
HeromeoMopdHO nHTEpBATY 1.

VYopaxkHenus. 1. Kaxmgas Touka rimagkoro k-MepHOTO MHOTOOOpa3ust
M C R™ obmasaeT Takoit oTKpbITO# B R™ oKpecTHOCTDHIO ), B KOTOPOil MHO-
»xectBo M N coBIagaeT ¢ MHOXKECTBOM PEIIEHUN HEKOTOPOH peryssipHoi
cucrembl coornomenuit Buja I unu 11, conepxkameit n — k ypaBHeHuiA.

2. Tlycte © — 3amkHyTas obsactb B R" (3aMbIKaHHE HEKOTOPOrO OT-
KPBITOrO MHOXKecTBa). Ecam rpanuna FrO ecrs riaakoe (n — 1)-mepHoe
MHOroobpasue, To © ecTb IIIaAKoe N-MepHoe MHoroobpasme. B kiacce CO
9TOr0 MOYKET He OBITh.

§9.3. KacarenbHoe mIpocTpaHCTBO

KunemaTtudeckoe ompejesieHne KacaHusi. Bektop v € R™ Oynem
Ha3BIBATH KACAGMEADHLIM 8eKkmopom K MHOKecTBY M C R™ B Touke p € M
u nucats v € T, M, ecnu cymecrsyer dyuknus (apumxenune) v : Ter — M
Takasi, I4To

() —~(0)
=7(0), v=7"(0) := lim ———>=.
p=7(0), v="7(0) = lim ——
(O6sacts T rTakoii dbyurnuu obs3ana cogepxkarh Touky 0 € R u makar-
muBaThea K Hedt copasa: 0 € CI(TN]0, oo[).) Cosokynmocts T, M Bcex Ka-
CATEJIbHBIX BEKTOPOB K MHOXKeCTBY M B TOUKe p HA3BIBAIOT KACAMEALHOIM
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npocmpancmeom MHOXKecTBa (K MHOXKecTBY) M B TOUKe p, & MHOXKECTBO
K,M = p+T,M — xonmuneenyued.

B maremaruke B KadecrBe pabodero MHCTPYMEHTA, KaK IIPABUJIO, WC-
TOJTB3YIOT TIOHSITHE KaCATeJILHOTO MpocTpancTBa. Ho mist co3manms moJies-
HBIX HAVISJIHBIX MPEJICTABICHUH OOBIYHO MOJIB3YIOTCS U300paykKeHneM KOH-
TUHPeHIA. B TexX cjIydasix, KOrjia KOHTUHTEHIIUsI sIBJISIETCS TPSIMOA, TII0C-
KOCTBIO U T. II., €C Ha3bIBAIOT KACAMEALHOU.

VYupaxkneuus. 1. Hynesoit Bektop 0 € R" kacaresien K 1000My MHO-
xkectBy M C R™ B kaxnoit Touke p € M.

2. Ecmm wmaTepsan |p,q(C R™ comep:KuT mOC/IEI0BATETBHOCTD TOUEK
T, € X, cxonamnrytocad K p € X, TO BEKTOp ¥ = ¢ — p KacaTejeH K MHO-
kecTBy X B TOYKE P.

3. Henysnesoit BekTOp v KacaresieH K MHOXKecTBy X B TOuke p € X
TOIJIA ¥ TOJBKO TOIJIA, KOIJa UMEETCs TaKasl IOC/IeI0BATEIbHOCTh TOYEK
xn € X\ {p}, cxopsmasics K TOYKE P, YTO yroj MeXKJy BEKTOPAMH U W

Zp, — P CTPEMUTCS K HYJIO IPA N — 00 <> 22, o
|U7L‘ n—o00 |'U‘

4. KakoBbl KacaTeJbHOE IPOCTPAHCTBO U KOHTUHTEHIUS Y HU3BECTHBIX
IIIKOJIBHBIX (DUTYP B PA3IUIHBIX TOUKAX ITUX GUryp?

OcHoOBHBIE CBOMCTBa KacaTeJbHOT'O MPOCTPAHCTBA.

T1. IIpocrpancrso T, M sBigeTcs 3aMKHYTBIM KOHYCOM C BEPIIHHON B
rouke 0 € R”. 9ro o3navaer, 9T0 MHOXKecTBO 1), M/ 3aMKHYTO B IIPOCTPAaH-
cree R™ m at0 T, M ecTh oObennHEeHNEe HEKOTOPOTO MHOYKECTBA JTydeil, BhI-
xongmux u3 1ouku 0. (JIydom, BBIXOAAIIUM U3 TOYKU P, HA3BIBACTCS MHO-
xkectBo Bupa {p+tv:t e R} =p+ Ry - v, roe p,v € R™.)

T2. Monoronnocrs: eciu p € S C M, 1o 1,8 C T,M.

T3. Jlokambuocts: ecau U C M saBisieTcss OKpecTHOCTHIO B M TOUYKH P,
To T,U = T, M.

T4. Ecmm M ectb 3aMKHYTBIE KOHYC C BEPIIHHON p, TO
oM =M—-p, K,M=M.

<« locrarouno upeamnonarars, 9to p = 0 € R™.

1. Tokaxewm, uto T,M — xomyc ¢ Bepmmuoit 0. Jma sToro my»KHO
YCTaHOBUTD, UTO Jyid MoOLX v € T,M mw A > 0 Av € T, M. Ecm Av = 0,
s10 ouesuano. Ilycts v € (T,M)\ {0}, A >0ux: T — M — rakas
dynkims, aro z(0) = 0, 2’/ (0) = v. Iycrs S = %T ny:S— M —
dyukuus, 3anannas ycaosusamu y(s) := x(As) Vs € S. Torma

y(s) B z(As) B )\x()\s)

—_ v
s s s s\.0

u Tak Kak y(0) = p, To v € T, M.
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3amkHyTOCcTb. Ilycts v € ClT,M. IlockoibKy B 10601 OKpECTHO-

CTU TOYKU ¥ €CThb IpeicraBuTen Muoxectsa 1), M, TO IyIs KasKI0ro HoMe-

pa n mMeercs Takoifl BeKTOp v, € T,M, uro |v, —v| < 27" Ilycts 2y :

T, — M — rmaxkaa ¢yukmus, aro z,(0) = p, (z,)" (0) = v,. Beumy Toro
o (t)

9TO MHOXKecTBO T HaKalIuBaeTcd crpasa K Touke 0, a =5~ — o, Halljcm
t\0

Takyto Touky to € ToN|0, oo, aro %Ot“) - Uo‘ <270,

BBumy Toro, uro mMuoxkectBo 1] HakamiamBaeTcs crpaBa K Touke 0, a
t .. t _
IIT() — vy, HafizeM Takyio Touky ty € 110, £ [, uaro %11) <271

N0
IIpomoszKas HaMedeHHBIH Ipoliecc, HOIydaeM MOCIeI0BaTeLHOCTh TOYeK
tn—1 27n(tn) —_n
S | —oa| < 277 lyers
x: T — M — dyunxnus, samannas yeaosusmu 1T := {0,t9,... ,tn,... },

z(tn)
tn

— U1

tn, NONUIMHCHHYIO yCJIOBUsM: t, €]0,

z(0) = 0 = p, z(tn) = z,(ty,). U3 HepaseHcrsa ‘

ZTn (tn)
tn

-
—vp + v, —v| < 217" coenyer, uro ' (0) =v=>veT,M.

2. MoHOTOHHOCTH o4deBu/IHaA.

3. Hokaxem,uroT,M C T,(M NU).Ilyctbv € T,M nz: T — M —
rakasg dyskius, aro x(0) = 0, z,(0) = v. Ilockonbky x(t) e 0, To

cymectyer 6 > 0: x(t) € U Vt € TV := TN|0,4[. Hycrp v : TV — M N
U — rakag dynknus, aro u(t) = x(t) Vt € T'. Jlerko sBumers, uro u(0) =
p, v, (0) = v. Bmauur, v € T,(M NU).

4. Ilycts M —3aMKHYTBIH KOHYC ¢ BepmuHOit p = 0. flcro, aro M C T, M.
Yeranosum obparnoe Bkmodenue. Ilycts v € T, M nwx : T — M — Takaa
dbynxnust, aro x(0) = 0, 2’ (0) = v. B s10ii curyaruu B KaxKI0i OKpecT-
HOCTH TOYKHU U COJIEPYKHUTCA TOUYKA BUA ‘T(Tt), rae t > 0. Tak kak z(t) € M,
a M — komyc c BeprmHoit 0, TO @ € M. Caenosaresibao, v € M, ubo M
3aMKHYTO. b

IIycte X C R", Y C R® — npousBosbHble MHOXKecTBA 1 p : X — Y —
IagKoe  oToOparkeHue. Omnpegnenum  ero  puddepennman  do(p)
TpX — Typ)Y B moboit Touke p CIICTYIONTHM obpazom. Bribepem kakoe-
HuOyb raajKoe pacmmpenne ¢ @ X — R® orobpaxenust ¢ Ha OTKPBI-
TyI0 OKpecTHOCTb X MHOXKecTBa X W J7Id Kaxkzgoro v € 1, X momoxnm

dp(p)v == dg(p)v.

Jlemma. [Ipusesennoe ornpejiesieHne KOPPEKTHO, T. €., BO-IIEPBBIX, 0TOD-
pazkenue dp(p) nepesomut 1,X B T, ©(p)Y W, BO-BTODBIX, HE 3aBUCHUT OT BbI-
6opa pacmmpeHus Q.
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<« Ilockosibky oTtobpaxkenue @ auddepeHImpyemMo, To
P(@) = @(p) = dp(p){z —p) +w(z), wlz) = oz —p).

IMycte v € T,X, w := dp(p){(v) u z : T — X — Takas PyHKUUA, UTO
z(0) = p, 2/, (0) = v. Bagamum dynrmpo y @ T — Y dopmyioi
y(t) == @(a(t). Torna y(0) = q := p(p), LG — £eloel)

_ %’(l(t))?ﬂ(l(o)) _ d(ﬁ(p)<x(t):$(0)> + w(ﬂft(t))

7
o dg(p)(v) + 0 = w. Cremo-

BarenbHo, ¥, (0) = w. Orciona w € T,Y, U MOCKOIBKY omnpe/ieienue byHK-
[N Y HE ONUPAJIOCh Ha @, TO BeKTOp w := d@(p)(v) He 3aBUCHT OT BBHIGODPA
o>

CsoiictBa nuddepenmuana. 1. [Tuddepennuan riragkoro orodpa-
JKEHUsI SIBJISIETCSI JIMHEHHBIM OTOOParKeHUEM KAaCATEJbHBIX MPOCTPAHCTB B
COOTBETCTBYIOIUX TodkKax: ecian ¢ : X — Y, X C R"Y C R®, — rmazn-
Koe oToOparkeHwe, TO Jisi Jitoboi Touku p € X muddepennnan dp(p) :
TpX — Ty(p)Y aBIgeTCS Cy’KeHueM HEKOTOPOTO JIMHEHHOTO OTOOpazKeHust
o, : R" — R,

2. Juddepentuaa TOXKIECTBEHHOIO OTOOParKEHUsI SIBJISIETCS TOXKJIIEe-
CTBEHHBIM OTOOPAXKEHUEM COOTBETCTBYIOIIMX KACATE/BHBIX ITPOCTPAHCTE.

3. Huddepenmman KOMIO3UINN TVIAJIKAX OTOOPAXKEHUN PABEH KOMIIO-
3uruy uxX Jud@EepeHnuaioB B COOTBETCTBYIONIIX TOYKAX:

d(y o )|, = di((p)) o dep(p).

4. Ecmn ¢ : X — Y — ragkuit usomopdusm, to ero mudddepeHiuas
do(p) : Ty X — T,(,)Y B moboit Touke p € X ecTnb JmHeinbIi n30MOphU3M
COOTBETCTBYIONINX KACATETHHBIX TPOCTPAHCTB.

VYupaxkaeuus. 1. Kpyr, TpeyrojbHIK 1 KBaJIPAT TOIOJOTTIECKU H30-
MOpPQHBI, & TJIQIKO — HeT.

2. Ecim ¢ — rmajgkoe oTobpazkenue OTKpBITON dactu U mpocTpaHncTsa
R* B muOKecTBO X C R™, TO /151 Kazk0it Touku u € U 1 060ro BeKTopa
v € RF 9,p(u) € TyuX, B gacTHOCTH, Ka2KCIAA “ACTNHAA NPOUSGOOHAA
Dip(u) ecmv xKacameavnwil sexmop x mmosrcecmey X 6 mouke o(u).

Dkckypc B anredpy. MuoxectBo X C R™ HasbBaioT k-mepHoum GeK-
MOPHBLM NOAYNPOCTNPAHCINEOM, ECITH CYIIECTBYET TaKas JUHEHHO HE3aBUCH-
Masl CHCTeMa BEKTOPOB U1, ...,v € R™ gro X = {x = Y t;u;: t1 > 0},
T. e. ecsit X JIMHEHHO M30MOPMHO TOJIYIIPOCTPAHCTBY R’i.

WubekTuBHOEe JuHEHHOE oToOpakerue (MOHOMOP(hU3M) HEPEBOIUT
k-MepHbBIe BEKTOPHbIE IPOCTPAHCTBA (IIOJIyIIPOCTPAHCTBA) B k-MEPHbBIE BEK-
TOPHBIE IIPOCTPAHCTBA ([IOJYIPOCTPAHCTBA) ®
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Teopema o KacaTeJbHOM IPOCTPAaHCTBe MHOroodopasmus. Ilycrs
M — rnagxoe k-mepHoe MHOroobpasue B R™.

1. Ecmu p € M\ OM, to T,M sBnsercs k-MepHbLIM BEKTOPHBIM IIOJ-
IIPOCTPAHCTBOM IIpocTpancTBa R™.

2. Ecimu p € OM, 1o T, M ecrb k-MepHOE BEKTOPHOE IIOJIYLPOCTPAH-
crBo B R™, mpuycM Kpaii 9TOro MOJIyIPOCTPAHCTBA SIBJISETCH KACATEIbHBIM
IPOCTPAHCTBOM Kpast MHOroobpasust M B Touke p: 0T,M = 1,0 Me

« Ilycts p — mpoussosbHast ToOUKa MHOroobpasus M, ¢ : U — V —
raagakuit msomopdusM, rae U — oTkpbiTas B M OKpecTHOCTh TOYKHA p, V —
OTKpBITOE MHOKeCTBO 60 B RF | mubo B R’i. Myctbq = p(p)uyp : V—-U —
0OpAaTHBII K (¢ H30MOPMOU3M.

1. pe M\ OM, V orkpwrro B R¥. B atom ciyuae T,V = T,R* ™ Rk,
Tak xax orobpaxenue dy(p) : T,V — T,U saBnsercs IUHEHHBIM H30MOD-
dusmom, To T,U — k-mepHoe nogmpocrpanctso B R”. Ocracres 3aMeTnTs,

aro T, M s T,U.
JTUM
2.pedM, VOTKprTOBRi.B?TOM ciyqae q € 9V Vn
k T4

ORE . Orciona T, 0V = T, dRE . Kpome toro, T,V = T,R¥ ™ Rk Tax
Kak orobpaxkenme dy(p) : T,V — T,U m ero cyxenune
dy(p) : T,0V — T, 0U cyrs auneiinble nzomopdusmsl, To T,U — k-MepHOe
nosynpocrpancTso B R”, a T, 0U — ero kpait. OcracTcst 3aMeTUTh, ITO

T,U = T,M, a T,0U = T,d M. »

JIOUM§9.2

IlpunaoxkeHus.

1. YpaBHeHHus KacaTeJbHOrO MPOCTPAHCTBA U KOHTUHTEHIIUU.
ITyctb S — MHOXKECTBO BCEX PelleHuit riaqkoii cucrembl ypasaernit (1) §9.2
up € S — peryiagpHoe penieHue 3TOH cucTeMbl. Torja KacareabHoe IIpo-
crpancrso 1,5 sBjIseTcsS MHOXKECTBOM BCEX PEIICHUI CHCTEMBI JIHHEHHBIX
OIHOPOJTHBIX yPABHEHMUIT

dfi(p)v = ... =dfx(p)v =0, v € R", (T)
a KOHTuHTeHIHst K, S — MHOXKECTBOM BCeX DeIeHNi CHCTeMbI yPaBHEHMI
dfi(p){x —p) = ... = dfx(p){x —p) =0, x € R™.

<« IIycrs V' — muO)ecTBO Beex pemnennii cucremsl ypasaenuit (17). Ilo-
ckoubky f;(S) = {0}, To mua xaxkmoro Bekropa v € T,S umeem df;(p)v €
T, (10} = {0}. Crenosarensuo, 1,5 C V.

TockosbKy p — peryssipuoe pemenue cucrembl (I), To panr cucremb
sunelinpix ypasuenuil (T) pasen k u, crano 6bith, V ectb (n — k)-meproe
BEKTOPHOE MOAIPOCTPAHCTBO B R™. A Tak Kak MHOXKeCTBO M peryrspHbIX
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perrennii cucremsl (I) siBasiercst (n — k)-MepHBIM IVIQJKAM MHOTOOGPa3NeM,
to T, M ectb (n—k)-MepHOe BeKTOpHOE moanpocrpancTso B R™. 1 mockoss-
Ky T,M CT,S CV, 10 T,M =T,5 =V.

Bropoe 3akIioueHne TOKa3bIBAEMOI'O YTBEPIKIEHUS €CTh IIPOCTOE CJIEI-
CTBUE IIE€PBOTO. P

VYupaxkaeumue. [lycts S — MHOXKECTBO BCeX PEIIEHUIT TVIAIKON CUCTEMbI
(II) §9.2. Hammcars cucTeMbl INHEHHBIX COOTHOIIEHH, ompenessomue 1,5
u K,S B Tex ciaydanx, Korja p — BHyTPEHHEE PEery/IsdpHOe PelleHne U KOIJia
P — T'PAHUYHOE PEryIdpHOe PelleHue 9TOI CUCTEeMBbI.

2. TosopsiT, 9T0 BeKTOpHI v, w € R™ OpTOroHaJBHBI, U MUMIYT VL w,
ecim (w,v) = 0. Byzem rosopurb, aro gekmop w € R"™ opmoeonasen «
muooicecmey M C R"™ 6 mouxe p € M, n tmcats wlLT,M, ecmn wlv mna
kazkoro v € T, M. Cosokynnocts (T, M) Bcex BEKTOPOB, OPTOrOHAIBLHBIX
K MHOXKeCTBY M B TOUKe p, HA3BIBAIOT HOPMAALIO (OPMOLOHAADIO).

Yupaxkuenus. 1. Oproronans (T, M), Bcerma saByseTcs BEKTOPHBIM
MIOJIIIPOCTPAHCTBOM O00BEMJIIOIIETO TIPOCTPAHCTBA, a eciu M ecTb riajKoe
k-meproe MuHOrOO6pasue B R™, To oproronasns (1, M)L asasercs (n—k)-mep-
HBIM BEKTOPHBIM TOIIPOCTPAHCTBOM TpocTpancTsa R”™.

2. Eciu M C S C R™, to (T,M)* > (T,,S)*

Teopema o rpaguenTax. [lyctb p — Kakasi-b0 TOYKA MHOYXKECTBA S,
orpeeigeMoro riaakoit cucremoii ypasuenuit (I) §9.2. Torma rpajuenTst
Vfi(p),...,Vfr(p) oproronasbubl K MHOXKECTBY S B TOUYKE D, a €CJIU P —
pEryJISIpDHOE DEIIEeHe PACCMATPUBAEMOI CUCTEMBI, TO OHU 00pa3yroT Gasuc
oproronam (T,5)*.

<« ITockomnbky f;(S) = {0}, To mua xaxgoro Bekropa v € 1,5 nmeem
dfi(p)v € T}, (»{0} = {0} u, cinenosarensno, (V fi(p),v) = dfi(p)v = 0, . e.
V filp) € (T,8)* Vie {1,... ,k}.

JlomycTuM Teneph, 9To B TOYKE p IpajmeHTsl GyHKImi f1, . .. , f JnHeii-
HO HE3aBUCUMBL. DTO O3HAYAET, UTO P — PeryJsipHoe perterne cucreMsbr (I).
ITockosibKy MHOKECTBO M Pery isipHbIX PEIIeHuil 3TON CUCTEMBI sIBJISICTCS
OTKPBITOl IacThI0 MHOXKeCTBa S Beex ec permenuit, To 1,S = T), (cBoitcTBO
T3). A mak kak M — (n — k)-MepHOE INIaJKOe MHOroO6pasme TO OpPTOro-
Haib (T, M )L aBasercsa k-MepHBIM BEKTOPHBIM ITPOCTPAHCTBOM, COJIePrKa-
UM JInHeHHO He3aBucumble BeKTOpol V f1(p), ...,V fx(p). »

3. HeoGxonumble MPU3HAKKA YCJIOBHOTO 9KCTPEMYMA

IIycre h — riajkast BemecTBeHHasT (DYyHKIUS, OPEIEICHHAS HA, HEKOTO-
POM OTKPBITOM MHOXKECTBe ImpocTpancTsa R™.

TeomeTpuueckuit Bapuaut jgemmbl @epma. Eciau p — Touka Jjo-
KaJILHOTO 9KcTpeMyMa GyHKIuU h Ha TJ1aKkoM MEoroobpasuu M (upu yciio-
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Buu x € M), to 6o Vh(p) LT, M, 6o p € 0 M.

<« JTouycrum, uro p € M\ 0 M — To4Ka JIOKAJILHOrO MUHUMYMa, (DYHK-
muu h. B sTom cayaae T, M saBisieTcst BeKTOPHBIM IpOCTpaHcTBOM, a h(M) C
Y := [h(p), oo|. Crenosaremnsno, Z := dh(p)(T,M) C Tj,)Y = R, . Muozxe-
CTBO Z coryiacHo cBoicTBY d1 muddepenimaia aBaseTcss BEKTOPHBIM O/
npocrpancTBoM mosist R. Ocracrest 3aMeTuTh, 9TO Ha Jiyde R, eCcTb TOJIb-
KO HyJIEBOE BEKTODHOE II0J| IIPOCTPAHCTBO, U, crajo ObiTh, (V h(p),v)
dh(p)v =0Yv € T,M. »

Meton muoxkurteseii JlarpaH»ka IoucKa yCJIOBHOTO 3KCTPEMY-
ma. Ecim dyuknus h nmeeT JTOKAJIbHBIN 9KCTPEMYM B TOUKE & TIPU YCJIOBUU
(1)§9.2 (ma mMHOXKecTBe S, Olpe/easieMoM cuCTeMOl ypasHenuit 1) u ecn B
9TOI TOUYKe IpaJueHThl PYHKIWUH f1,... , fi JUHEAHO HE3ABUCUMBI, TO CY-
[IECTBYIOT TAKHE YUCTA AL, ..., Ak, 970 Vh(z) =Y NV fi(x).

<« [Iycte M — muoxecTBO peryisipubix pemtenuil cucrembl (I). Ecin
B TOYKE p rpajueHTbl GyHKIUi f1,..., fr JUHEHHO HE3ABUCHUMBI, TO P €
M. K TtoMy 2Ke p sIBJISIETCsl TOYKOI JIOKAJIBHOIO SKCTpemMyMma (byHKIuu h
uwa muoxkecrse M. U mockonbky M — riagkoe (n — k)-mepHoe MHOro-
obpasue 6Ge3 kpas, To oproronans (I,M )t aBigerca k-MepHBIM BEKTOD-
HBIM IPOCTPAHCTBOM, COMIEPIKAIUM KaK JIMHEHHO HE3aBUCHMBIE BEKTOPBI
V fi(p),...,V fi(p) (reopema o rpamuenrax), rak u Bekrop V h(p) (1emma
CDepMa). CireioBaTe/IbHO, 9TOT BEKTOD SBJIAETCH JUHEHHON KoMOMHAIMe
IpeabLIymux . »

IIpunoxxkeHue K aHaAIN3y B IPOCTPAHCTBE MATPUIL

B srom pazmeme OykBamMum I,y,v OOO3HATAIOTCS BEIECTBEHHBIE
(n X m)-MaTpHIBI, CHMBOJIOM Z;; 0003HAYAETCH §j-s1 KOMIOHEHTA MATPHUILBI
Z, CUMBOJIOM ; — i-ii crosiber, aroit MaTpuisl. CKaJsIpHOE IPOU3BEICHNAE B
upocrpancTse L(n) BemecTBeHHbIX (1 X 1)-MaTPUIL 331acTCs (POPMYJIOi

(z,y) == Zﬂﬂz‘jyij = Z<$zyz> = fo Y = tr(a” - y).
.7 ) i
1. Jma gacTHBIX mpom3BomHbeIX Djjdet := %ﬁdet dyakmun det

L(n) — R mmeer mecto paseHcTBo D;j;det(x) = a;;(x) = anrebpamte-
CKO€ JIONOJIHEHUE K JIEMEHTY X;; MaTpuipl x. CieloBaTebHO, [ MaT-
puiel drobu dyuxmmu det cupasenmsa dopmysa D det(z) = V det(z) =
= a(x):=marpuna ajrebpandeckux JIONOJIHEHU , a 3Hadenue guddepeniy-
asna d det B Touke  Ha BekTOpe v € L(n) 3a1acTCs pABEHCTBOM

d det z(v) = (Vdet(z),v) = tr((a(z))” - v).

<aIlycrs (e;: 4 € {1,...,n}) — crammaprusiii 6asuc B R”, a (e;;: 4,5 €
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€ {l,...,n}) — cranmaprHsli 6asuc B L(n) (31ech €;; — Marpuna, B KOTO-
poit Ha (4j)-TOM MecTe CTOUT €JUHUIA, & Ha OCTAJILHBIX — Hy/u). Torga

1
D;jdetz = }in% g(det(m +te;;) —detx) =det(... ,xj_1,€;,Tjs1,...) =
= az—j(x).

2.  Kaxnag obparuMas MaTpULIA T $BJSIETCA PEryJIapHONW TOYKOI
dyuknn det .

3. T'pymna yaumomynsipabix matpur I' := SL(n) := {z € L(n):
detz = 1} ectb Geckoneuno riajikoe (n?—1)-meproe mMHOrOOGpasme. Ka-
caresibHOe mpocTpancTBo 111" B Touke 1 € I' ecTh mpoCTpaHCTBO MATPHIL C
HYJIEBBIM CJIEJIOM.

4. T'pynna O(n) opTOroHaJbHBIX MATPUIL IBJIAETCS KOMIIAKTHBIM GECKO-

HEeYHO TyIagKuM MHOroobpasmeM. Kakoit pasmeproctu? KacarenbHoe 1mpo-
crparcteo T10(n) B Touke 1 € O(n) ecTb NPOCTPAHCTBO AHTHCHMMETPHY-
HBIX MATPHIIL.
40(n) = {x € L(n): z* -z =1 € L(n)}. Ilyctb S — BekTOpHOE TIPO-
cTpaHcTBO cuMMerpuuHbix Marpunl u f : L(n) — S — dyukuus, onpe-
nessiemast papercTsoM f(x) = z* - x. Torma df (z)v = a* - v + v* - x, ubo
flx+v)—(x* z+z*-v+v*-x) =v* v o o(v). Ypasaenue x*-v+0v*-x = s
paspermmo 1pu sobbix @ € O(n) u s € S (manpumep, v = £s), T. e.
df(z) : L(n) — S sBasercsa suuMopdusMoM. 3HAUNUT, KaxKJI0€ pelleHne
ypasuenust f(z) = 1 € S perynapno u noromy O(n) ectsb (n? — k)-mepHoe
MHOroobpasue, rie k — pa3MepHOCTb BEKTOPHOro mpocrpancTsa S. Hako-
Her, T10(n) ectb MHOXKeCTBO perennii ypasuenust 1 = df (1)v = v* +v. >

5. Muoxecrtso Touek x € I, 6mkaitimx k Touke 0 € L(n), ecTsb rpynna
gpamenuit SO(n) := {z: x*z =1, detxz = 1}.
< Buimkaiimast K HYJIIO TOYKa MHOXKeCTBa I sIBJIsieTCsl TOYKOH MUHUMYMa
byuxmm h(z) = |z|> = (z,x) ma muorootpasmu I' (npu ycaosun detr =
= 1). B cuny meroma Jlarpam»Ka jis TaKOH TOUKH & HANZCTCS Takoe A,
aro Vh(z) = 2AV det z. Tak xak Vh(z) = 2z, 10 £ = AV detz = Aa(z) =
= Mz~ 1H)* det x. Tlockonbky detz = 1, To A" = 1 u, cTajno 6bITh, T* - T =
= +1 € L(n). Ogaako paBeHCTBO 2 = —1 HEBO3MOXKHO, GO COGCTBEHHBIE
YKCIa MATPUIBL £*2 HEeoTpUIaTeJbHbl. 3HauuT, & € SO(n).

Tockonbky I' — Hemycroe 3amrHyTOE B L(n) 2 R MHOZKECTBO, TO OHO
COJIEPXKUT OJIMKANIIYI0 K HYJIO TOUYKY (ciencTBue TeopeMbl Beiteprirpac-
ca). A Tak Kak KBaJIpaT paccTogHud Kaxkioil Touku x € SO(n) mo Hyss
pasen |z|? = tr(z*x) = n, To Bee oHm — GmMDKafimHe. >
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Tnasa 10. IIOTOYEYHASA 1 PABHOMEPHAS CXOAUMOCTD

B sroit rnaBe tepmun "dyukiua" — cuHonum dpassl "orobparkenue
Buma f: X — E" tme X C R*, a £ — 6aHaxX0BO MPOCTPAHCTBO ¢ HOPMOM
|| max momem A € {R,C}.

PaccMoTpuM o7iH U3 KJIIOYEBBIX BOIIPOCOB MATEMATUYECKOTO aHAJIM3A:
€CJIM TOCTIeI0BATeIbHOCT MYHKIWH fr, () nomouewno crodumces x Pyrk-
yuu f(x) na mmoorcecmee S

(fule) = f(z) Va € 8),

TO IIPU KaKUX YCJIOBUAX CIIPABEJIUBBI CJIE/IYIONINE TPU yTBEPXKICHU:

1) lim f, li ;
)zir,ﬂsf (@) = mirg}sf(w)

2) Dfu() — Df(o)
3) fs fn(z)dx = fs f(z)dz.

Bormpoc He mpa3ablil, KaK MOKA3BIBAIOT CJIEAYIOIINE TPUMEDPHI.

L. IIycrs f,(z) = arctanna. Torma f,,(z) — § signw . 31ech HApYy-
n—oo

merbl popmysel 1 u 2. Bee dynkmun f, muddepennupyembl, B TO BpeMs
KaK UX TMOTOYETHBIN mpeaes f make He sIBJISETCSI HeITPEPBIBHON (DyHKIIAEIH.

2. Ilyers fo(z) = Larctanna. Torna f,(z) — 0 upn mobom z € R.
Onnako Df,,(0) = 1 npu sro6om n > 0. 3xech Hapyena dopmymna 2.

3. ("HaBeratomast BosaHa".) Iycrs  fp(x) = nsinnz upu
x € [0,7/n] u fo(x) = 0 mpu = ¢ [0,7/n]. B stom caydae f,(z) — 0
B KaxkJoi Touke € R. B 10 ke Bpems fOQTr fu(x)dz = 2 npu mo6om
n € N — He BoInosHeHa dhopmyiia 3.

§10.1. ITpusHaku paBHOMEPHOI CXOJAMMOCTU

CoryracHO METPUIECKOMY KPHUTEPHIO CXOJUMOCTH, MOCIEI0BATEIHLHOCTE
dyuximit f,,(z) noroueuno cxomures Ha MuOXKecTBe S K DyHKIMEU f(2) npu
n — 00, ecin

Ve>0VreSImeN:Vn>m|f(x)— fulz)] <e.

ToBopsit, uro mocsenoBaTesbHOCTb GYHKIMA fn,(2) cxodumes K dyHK-
nun f(x) paBHOMEpHO 110 = 13 S (Ha MHOXKecTBe S) IPH N — 00, €Cin

Ve>03dmeN:Vn>mVe e S |[f(z)— folx)] <e.

B sTom ciiyuae dynknuio f OymeMm Ha3bIBATH PABHOMEDPHBIM IIPEJIEIOM IO~

ciiefioBaTesbHOCTH f,, U GyleM nucarb fp () = f(z), onyckasa npu-
n—oo|z€S,

IACKU BUJA N — 00, © € S WIM MEPEMEHHYIO T TaM, IJie 9TO HE BPEIUT
IIOHUMAaHUIO TEKCTA.
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Pasromeprasn cxodumocms aeuém nomovweunyro, Ho He Haobopom
(mpumepsr 1 u 3).

ToBopsT, uro psij GyHKIU ©,, PABHOMEPHO CyMMUDYeM (CXOIUTCS) Ha
MHOXKECTBE S, €CJId IOCJEIOBATEIbHOCTh €ro 9YaCTUYHBIX  CYMM
o = 22:1 ¥, PABHOMEpPHO Ha S CXOauTCs K HEKOTOpoil dyHKimu o. B
9TOM ciIy4dae (PYHKINIO 0 HA3bIBAIOT PABHOMEPHOI CYMMOI PAla oy, .

Kpurepuit Komu paBHOMepHOiT cxoammoctu. Ilocimenosareis-
HOCTb (DYHKIWMIA f,, PAaBHOMEPHO CXOIUTCS HA MHOXKECTBE S K HEKOTOPOIA
bYHKIMM TOTAA M TOJBKO TOT/A, KOT/Ia OHA YIOBJIETBOPSET CJICIYIOMIEMY
yeaosuro Kowu pasromeprot cxodumocmu:

Ve >03ImeN:Vk I >mVe €S |fp(z) — filz)] <e.

<« Ilycrs f,, = f u e > 0. Ilo oupenesienuto, nMeercsi Takoit HOMEp M,
aro |f(x) = fn(x)| < § mra xkazkaoro x € S npu mobom n > m. dis rakux x
w ovepon ki, 1 > m mveent | fi(2) — fi(@)| < | (@) — f@)] -+ |f(2) — fi(a)] <
< E 4 £
=3T3

IIycre BbInoOsIHEHO yesoBue Kommu. Torma st Besikoro © € S mmociieno-
BATEJLHOCTL TOYEK [y, (z) € F dbyHmamenTanbHa. A Tak Kak IPOCTPAHCTBO
E nosnHo, TO OHa cxoxuTcs K HeKoropoll touke f(x) € E. Ilokaxkem, uro
fn = f. IIyctrb ¢ > 0 mw m — Takoit HOMEp, dUYTO
Vi, I > m Vx € S |fr(z) — fi(x)] < e. Iepeiina k upeneny upu | — o0,
Oynem umets |fi(z) — f(z)| <eVk>mVzeS. »

O60o3na4nM uepes F(X,E) MHOXKECTBO BCEBO3MOXKHBIX
FE-3naqubix (YHKIUI, ONPEIeJCHHBIX HAa MHOXKeCTBe X, M I KayKJIon
dyukun f € Z (X, E) nonoxum || f|| := sup{|f(z)|: z € X}. Hucmo ||f||
HA3BIBAIOT cynpemym-ropmot byukuu f, a qucio || f — g|| — pasromeprvim
omxaoneruem f oT g.

Bekroproe nipocrparcTso GyuKimit Z (X, E) GyaeM cantaTh CHAGKCH-
HBIM CyIIPEMYM-HOPMO#. DTO IPOCTPAHCTBO HE SIBJISIETCS HOPMUPOBAHHBIM
BEKTOPHBIM IIPOCTPAHCTBOM B CTPOI'OM CMBICJIE CJIOBA, KOO CyIIPEMYM-HOPMa
MOXKET IIPUHUMATH 3HadeHne oo. TeM He MeHee B HCM MOYKHO JIefiCTBOBATH
KaK B OOBITHOM HOPMHUPOBAHHOM IIPOCTPAHCTBE.

VYpakHeuusi. 37ecb Bce (PYHKIMH CyTh JIEMEHTBI IIPOCTPAHCTBA

F =7 (X,E).
0. CgoiicTBa cynpeMyM-HOPMBI.
IASIE= ML [£1I € 10, 00].

1f gl < I+ lgll 171 = 0 & fla) =0 € #(X, E).
L fa2 f& | = ful =0,
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2. VYcaosue Komm paBHOMEPHON CXOINMOCTH PABHOCUJILHO yTBEPKIE-
HUIO

Ve >03Im e N:VE I >m]fr — fil| <e.

Caencrsue. [Ipocrpancrso % (X, E) 10100 (OTHOCUTENHHO CYIIPEMYM-
HODMBI).

3. Kpurepuit Komm paBHOMepHOii CyMMUPYEMOCTU psa: Dl
byHKIWI ,, PABHOMEPHO CyMMEIPYEM TOTJIa U TOJHKO TOTJIA, KOTJIa

l
Ve>03ImeN:VEI>m | ¢l <e
k

4. IIpusnak BeiiepiiTpacca paBHOMEpPHOI CyMMUPYEMOCTH Psiia.

(IlpuHnun cpaBHeHMs [Jjisl psiAoB B mpocrpaHcree % (X, E).) Psan
bYHKIMI, MaXKOPUPYEMBII CyMMUPYEMbIM YUCIOBBIM PSIIOM, PABHOMEDHO
CyMMUDYeM: ecsiu Jyisd psifa pysruuii ¢, € Z (X, F) naiigcresa Takoit cym-
MUDYeMbIil 4ucsioBoii psas o, € R, uro ||, | < o, upu mobom n € N, To
psizt p, paBHOMepHO cymmupyeM Ha X . Cramno 6bith, ecimm Y |[pn|| < oo,
TO PsiJl © PABHOMEPHO CYMMUPYEM.

5. Ilpusuak Abens—/lupuxijie paBHOMEPHOII CyMMHUPYEMOCTH.
Eciin Ha MHOKecTBe X TI0CII€10BATEILHOCTD BENECTBEHHBIX (DyHKIMH Uy (1),
yOBbIBasi, pABHOMEPHO CTPEMUTCS K HYJIIO, & YACTUIHBIE CyMMBI psijia (PyHK-
1wl vy, () PABHOMEPHO OTPAHUYEHBI, TO P Uy, (X )V, (L) pAaBHOMEPHO CyM-
mupyem Ha MmuoxkecrBe X . (IToxckas: BcnomuuTe HepaBeHcTBo AGedis. )

Teopema uuu. FEciu mociienoBaTelbHOCTh HEIPEPBHIBHBIX BEIECT-
BEHHBIX (DYHKIHI Ha KOMIIAKTHOM MPOCTpancTBe K, 603pacmas, TOTOYEITHO
CXOJIUTCS K Henpepwviehoti (DYHKINU, TO CXOIUTCS OHA paBHOMepHO Ha K.

<Ilyctbe >0, g, := f—fouU, :={z € K: g, < e}. Tak kak xaxuas
byHKIWSA ¢,, HEIPEPBIBHA, TO KaXKJ0€ MHOKECTBO U, OTKPBITO B IPOCTPAH-
cree K. (Ilouemy?) A rak Kax 110CJ€J0BATEILHOCTD QYHKIUI ¢, YObIBaL,
CTPEMUTCS K HYJIIO, TO IIOCJIE0BATEIbHOCTE MHOXKECTB U, , Bo3pacrasi, Io-
KpbiBaeT KOMITAKT K. 3HAYUT, MMeeTCs] KOHEUHAs ITOJIIOC/IeI0BATEIbHOCTD
muoxects Uy, C ... C Up;, nokpeBaiomas K. Cnenosarensuo, Uy, mno-
KpbIBaeT Bcc K, T. e.

€ > gn,; (%) 2 gn(x) = f(2) — fu(x) >0 Yn2>n,, VrecK. »

CylIecTBeHHOCTD IPEAIIOCHIIOK TeOPEMbl BhIBJIgeT npuMmep "Haberarorieii
BOJIHBL" .

§10.2. IIpeaenpHbIil Tepexoa 1 OCHOBHBIE OMEpPAIlMM aAHAJIN3Aa
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Teopema o mpegese npegesioB. IlycTh mocaeIoBaTElLHOCTh (ByHK-
it f, € % (S, E) rakoBa, 410
1) fa(z) = g@);
n—oo|z€S

2)VneN f,(z) —>‘S Zn (p € C1S — T04YKa IPUKOCHOBEHUSI
z—p

MHOX)KeCTBa S).
Torma B mpocTpancTBe 3HadYeHui#t F uMeercs TakKoW 3JeMEHT 2, HYTO

lim z, =z = lim g(z). Tem campm
n— 00 T—p

z=lim lim f,(z)= lim lim f,(z).

<« Ilycrs € > 0. Corracuo yciosuio 1 u kpureputo Ko, umeercst Takoii
HOMEP M, 9YTO Jyid Kaxkjgoro x € S gna jgwobeix kI > m
|fx(z) — fi(x)] < e. Hepexon k upeneny npu  — p|S JacT HEpaBeHCTBO
|z — z1] < e. BHAUMT, NOCIIEOBATEIBHOCTD 2, € E yJOBJIETBOPSET YCIOBUIO

Komm n moromy B 6amaxoBoM IpocTpaHCTBe F ecTh TOUKa z = lim z,.
n—oo

ITockomeky f, = ¢, a 2z, — 2z, TO WMeETCSI TAaKOH HOMEp ¢, UTO

A <5 a lgle) — fil@) < § Vees.

Tax kax f;(z) — s Zi, TO Y TOYKH P €CTh TaKas OKpecTHOCTb U, ITO

z—p|
| fi(x) — 2| < § s moGoit Touku x € U N S. Crenosaresbno, 1is Kaxk10i
TaKOl TOYKU MMEEM

l9(x) = 2| < [g(x) = filx)] + |fi(x) = 2| + [z = 2[ <e.

Buaunt, g(r) — z.»
z—p|S

Caencrue 1. PaBHOMepHBIN TIpejiesl HEIPEPBIBHBIX (DYHKIMI Hempe-
PBIBEH: €CJIU TIOCIeI0BATEIbHOCTh yHKIn f,, : X — FE HenpepbIBHBIX B
Touke p € X paBHOMEpPHO cxoauTcs K dyukiun f, To dynknus f Herpe-
pbIBHA B TOuKe p € X.

Caencreue 2. Cymma paBHOMEDPHO CXOJISIIIETOCsT Psifia HEITPEPBIBHBIX
dyHKIWI HEpEepLIBHA.

CaencrBue 3. Ilpocrpancteo C(X,E) HenpepblBHBIX E-3HATHBIX
dyHKIMIT HA npocTpaHcTBe X, CHAOKCHHOE CyIIPEMYM-HOPMOI, ITOJIHO.

Teopema 06 MHTErpUpOBAHUYM PABHOMEPHOrO Iipejesa. Fciu Ha
oeparuternom oTpeske [a < b| nocsenoBaTeIbHOCTD UHTErPUPYEMBIX (DYHK-
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nuii f, pAaBHOMEPHO CXOJUTCs K MHTerpupyemoit pyskuu f, To

z€la,b] Ja

/fn(t)dt = [

<« Ilycts € > 0 u m — Takoit HOMED, ITO

|f(t) = fu()] <

5
|b—al

Vn>m Vt€|a,b.

Orciofia B CHJTYy CBOWCTBA OTPAHUYEHHOCTHU OTIEPAIIAN f nMeeM

]f(t)dt—]fn(x)dt = ](f(t)—fn(x))dt g/mbfadtgg

a

VYn>m Vz€la<b »

151 HeorpaHUYeHHOH 006J1aCTH WHTETPUPOBAHUS TaKas TEOPEMa HEBEp-
Ha:
IIpumep ("Pacnosnzaroinasics kyua".) Iocienosarensaocts dbyHK-
o p— €T __ n
nnit fn(z) == Darctan ;. = "5 CXOZUTCA K HYJTIO PABHOMEPHO Ha OTPE3Ke

oo
[—00, 0], B To Bpemst Kak [ fy,(t)dt = 7 upu smobom n € N.
— 00
Teopema o nipeaesie npousBoaHbIX. [lycte dyakIMT fo,... | fr,- .-

nuddepeHnpyeMbl Ha OIPAHUYEHHOM BBIMYKJIOM OTKPBITOM MHOXKECTBE
X C R?, upuucwm:

1) mocsenosarensuocts D f,, paBHOMepHO Ha X CXOIUTCS K HEKOTOPOI
dbynxnun g;

2) uMeercd Takasd TOYKa p € X, 4TO MOCJIEA0BATEILHOCTD [, (p) umMeer
npenen B E.
Torma ma X mocsenoBaTebHOCTD f, PABHOMEPHO CXOIUTCS K HEKOTOPOUH
muddepentmpyemoit dyukiun f, npuaem D f(z) = g(z) Vo € X.

« IIpenonoxkum cHagasa, 9To X €CTh UHTEPBAJ TUCJTOBOM MPSIMON.

Jns xaxknoit maper momepos k,l € N momoxmm fr; = fi — fI,
Skl = Hka — Dle = ||ka,l , I IIyCTh 6 =1+ diam X.

a) CorviacHO JlarpaHzKeBOil OIIEHKE [IPUPAIIeHUs], s JIOObIX X,y € X
crpaseuBo HepaBeHCTBO | fi.1(2) — fri(y)| < skl —yl.

b) Ucxozs u3 nepBoro u BTOPOro yCJIOBUI T€OpeMbl, IJis KaxKIoro € > 0
OTMETHUM TaKOH HOMED My, YTO JJIs JIIOOBIX HOMEPOB k, [ > 1M, UMEIT MeCTO
HepaBeHcTBa s < 55 ¥ |fr1(p)] < 5.
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¢) dns mobeix k,l > m. u moboii Toukn ¢ € X u3 a) u b) nosygaem
HEpPaBEHCTBO

| fra(@)| = | fra(@) = fra(p) + fra(p)| < skalz —pl + % < k10 + % < % + g
SuagnT, Ha X TOCIEIOBATEHBHOCTh (PYHKIUN [, YIOBIETBOPSIET pABHOMED-
HoMy ycsioBuio Kormm u moToMy paBHOMEPHO CXOJUTCS K HEKOTOPOi (hyHK-
uun f.

d) Ilycrs ¢ — npousBosbHas Touka obsactu X. ITockosbKy Kaxkuas
dyskius  f, gubdepennupyema B  Touke ¢, 71O  fn(x) =
= fn(@Q) +Dfn(qQ) - (x—q) + an(z)|x —q|, 11e a, — dyHKIHSA, HEIPEPHIBHAS
B TOYKE ¢ U paBHAsl HYJIO B 3TON TOUKE.

IIycte o — bysrnus, onpeesisieMas CAeAYIONAMA yCIOBUIMA

f(x) = flg) —g(q) - (. —q)
|z — ql

az) = ; alg) = 0.
Tax kax fo () — £(2), a Dfalg) = 9(q), 10 an(z) — a(z).

TTokaxkeM, YTO HOCJIENOBATEIBHOCTD (DYHKIUN (i, YIOBIIETBOPSET PaB-
HomepHOoMy ycaosuio Kommu. Ilycers € > 0. Vcnonb3ys ONEHKH IyHKTOB a)
u b), nist mobbix k,l > m. u ymo6oit Touku x € X nosydaem

|fe1(z) = fra(q) — Dfralq) - (xz —q)|

|k (2) — ()] = <

|z =4l
< (ks +se)lz—ql € <e
N |z —ql o

CreloBaTeNbHO, TOCHENOBATEBHOCTD (U CXOJUTCA K (DYyHKIUH
PABHOMEPHO M TIOTOMY 3Ta (DYHKIMS HENpepbIBHA B TOYKE ¢. A Tak Kak
f@) = f(@) +9(q) - (z — q) + a(z)|z — q| m a(q) = 0, o dynxnusa f nd-
depennupyema B Touke ¢, npuacm D f(q) = g(q).

Jloka3aTebCTBO CIPABEIMBO U B ODIIEM CJIydae, €CJIU CIUTaTh, YTO |1 —

S
ol b=yl 32 b= il (D)= max (D1 fo @) Do)
i

Teopema o cymMme psijia mpou3BOAHbIX. [IycTs byHknm ayg, . .. , oy, . . -
nuddepeHpyeMbl Ha, OIPAHUYEHHOM BBIITYKJIOM OTKPBITOM MHOYKECTBE
X C R?, npuucwm:

1) psin, Doy, paBaOMEpHO cymmupyeM (cxoaurces) Ha X

2) MuOXKeCTBO X COMNEPKUT TAKYIO TOUKY P, 9TO DL vy (P) CyMMHUDYEM.
Torma psnm o, paBHOMEpPHO cyMMHUpyeMm Ha X, mpudcM Ha X €ro CyMma
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muddepeHnupyema, U CpaBeinBa hopMysia

§10.3. IIpunoxkeHus

B srom naparpadge E — Ganaxopo mpocrpancTBo Ha mojiem C.

10.3.1. CreneHHbIE PAIbI

Teopema Abensa. Ecau psag ¢, € E cymmupyem, To pan dyHkiuii ¢, t™
nepemennoit 7' paBHOMEpHO cymMMupyeM Ha oTpeske [0, 1] u, cramo 6b1Th, ero
CyMMa HeIlpepPbIBHA Ha 9TOM OTPE3Ke.

<« Ilyctb ¢ > 0 mw m — Takoit HOMEp, |YTO i JIIOOBIX HOMEPOB
J
ki > m |Y e < e Hockomsky YVt € [0,1] t9 > ...t" > ... 1o
k
l J
Vi>k>m |Y ent"| <thsup{|den|:je{k...1}}<e Vte[0,1].»
k k

IIycrs (o (2) = anz™: n € N) — npousBONIBHBII CTENEHHOI psif, TIe
an € E, 2 = x + 1y, 2,y — cragpgaprable KoopauaaTsl B R? = C. Yuco

0 :=sup{r € R : mocyie10BaTeIbHOCTD |ay|r" orpaHnyeHa}

OyJleM Ha3bIBATh PAOUYCOM KPY2a CTOOUMOCTNU PIJa (, & MHOXKECTBO
O, = {z: |2| < o} — wpyeom cxodumocmu sroro psana. ObbsacHeHHE TAKOIL
TEPMUHOJIOTHN JACT CJIeAYIOMuii (byHIaMEeHTATLHBIN (DaKT.

Teopema o cxoguMocTu crerneHHoro psaaa. CreneHnoii psay « abco-
JIIOTHO CyMMUPyeM IpH Ji000oM 2z € O,, PABHOMEPHO CyMMHpPYeM Ha JII000M
kpyre O,<,. Ecan xe |z| > p, TO pan a,(z) HecymMMupyeM.

< Ecim |z| > p, TO nOCTI€0BATENBHOCTD |ay, ||2™| HeOrpaHuUeHa 1, 3HA-
YUT, TOCIEI0BATEIBHOCTD Gy 2™ HE CTPEMHTCA K HYJIIO.

HOycrs r €]0,0] u s €]r,o[. CornacHo onpejeseHuo 9ucIa
o Jh < oo:a,ls™ < hVn e N. Orcioga 1yt kaxaoro z € O, noxydaeMm

n n n
ors"| = ol 5 < ek (5)" <0 ()

n
Tak Kak reoMeTpudecKas MpPOrpeccust (g) CyMMUOpyeMa, TO, COTJIACHO IIpU-

3HaKy Beiteprirpacca, psj a,2" paBHOMEpHO cymMMupyeM B Kpyre O,.
U3 sroit e OIeHKH CIIeayeT, 9Ty | |a,z™| < oco. OcracTcst 3aMeTHTh,
4TO KaK/asd Todka 2 € O, JIeXKUT B HEKOTOPOM Kpyre Or<,. B
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Teopema o cymme cremeHHoro pspa. Pymkius f(z) = Y. apz"
neN
muddepennupyeMa BHyTpH Kpyra cxonumocta O, pana a, 2" U NI KaxK10i
TOUKH Z = & + §Y 9TOTO KPyra CIPAaBEIIUBEL POPMYJIIBI

z) = (Z nanz”_l> dz, %(2) = Z na,z" "' = —zg—z( )-

neN neN

<« 1. Yacrable mponsBojHbIe DYHKIMA iy (2) := @y (2 + iy)™ TAKOBBIL:

80%(2) n—1 aa"(’z) n—1,
— = apnz — =a,nz"" .
9z n ’ 8y n
2. Panuyc 0, Kpyra CXOOUMOCTH Paa a,nz" ' paBeH pagmycy o Kpyra
CXOJIUMOCTH PSAIA Ay 2™
< Iycrs r €]0, o], s €]r,0[ u h € R} takoso, uro |a,|s” < h Vn € N.

Torna
n—1 n—1
|annzn71| - |an|5nE (i) < hﬁ (f> — 0.
S S S

S n—oo
CaenoBaresnibao, 01 > p. Ob6paTHOE HEPABEHCTBO OYEBUIHO. >
3. Cormacuo mr. 1, 2 u TeopemMe O Kpyre CXOIMMOCTH PsiJIbl [TPOM3-
dan,(z) aan(z)
BOJIHBIX, —5-=" U PaBHOMEPHO CyMMHUpPYeMBI B J1t000M Kpyre Or,.
Ilo Teopeme o cymme pH,ZLa Mpon3BOAHBIX dyHKIuU f auddepennupyema B
KaXKJIOM TaKOM KpyTe U

df(2) a1 10f(2)
axz :Zannz 1:; 8yz'

Orcrona df (z) = af(z)d +24(=) ( dy = > apnz""Hdz+idy) = Y apynz""tdz. »
Caencrtsue. CyMMa CTeHeHHOI‘O psina 6eckoneuno nuddepeHupyema
BHYTPHU KPYyTa CXOJUMOCTHU ITOTO Psija.

Dopmyry gy = ng Ha3BIBAIOT ypashernuem Kowu—Pumana.

10.3.2. Pagpr Pypne

Heupasnononobuas (manpumep, no muenuto Jlarpanzxa) mbicib 2Koze-
da Pypbe 0 BOBMOKHOCTU MPEICTABUTE JIOOYIO KYCOTHO TJIAJIKYIO (PYHK-
nuio f Ha OTpe3Ke JJIMHBI 27 B BUJIE

f(t) =ao/2 + Z(an cosnt + by, sinnt)
n>1

0Ka3aJ1aCh YPE3BBIYAIHO IIOJOTBOPHON MJIsi MATEMATUKU U (DU3UKU.
TlocnenoBarenprocTs dyuKIMit 1,cosx,sinx, ... ,coskz,sinkz,... Oy-
JeM Ha3bIBaTh Geujecmeertuim bazucom Dypve, a ceMeicTBO QyHKIHIA
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(e : k € Z) — womnaexchom 6azucom Dypve. Mycrs T = [u,u + 27 —

u+2m
IPOM3BOJIBbHBL OTpe30K JymHbl 27 1 [ == [
T u

Jlemma o 6asucax @ypoe. 1. [ekte=ildt = 276, Vk,l € Z.
T

2. st T00BIX pa3naHbIX (DYHKIHI @, ¥ BermecTBeHHOTO Oazuca Pypbe
J e (®)w(t)dt = 0. Kpome Toro,
T
[ cos? ktdt = fsin2 ktdt =m Vk >0, [cos?0dt = 2m,
T T T

<« 1. BriTexaer us Toro, 4ro nepsoobpasnas dyHkmun et
auana npu n #£ 0, a

27-11epuo-

2. dBisiercs npoCcThIM ciieacTBUeM 1. 1. u dpopmyst Ditjaepa. »

DopMyaBI TOH JIEMMBI ITIOJIE3HO WHTEPIPETUPOBATH KAK CHCTEMY II0-
MAPHBIX CKAJISPHBIX IPOU3BE/ICHII 37IeMeHTOB 6asnuca Pypbe OTHOCUTETTHHO
CKaJISIPDHOTO  IIpou3BejieHust  pyHKImMi  f,g, 3amaHHOro  QopMmyJIoii

(f,g) = [ fgdt. C Takoit Touku 3peHus Kaxkaplii Gasuc Oypbe sABIAETCS
T
OPTOT'OHAJIBHON CHUCTEMON.

Cunencreue. Ecim f(t) = % + > (ay cos kt + by sinkt),

k=1
10 ap = + [ f(t)cosktdt, by =1 [ f(t)sinktdt.
T T

D70 HAOIIOIEHNE TTOCIYKUI0 TOTIKOM K BBEJICHHUIO CJIETYIONUX ITOHSI-
THil.

s Kaxk 101t nHTErpupyemMoii Ha npomexkyTtke 1 dyaknun f u 1r000r0o
momepa k € N momoxxum

ar(f) = %/f(t)cosktdt, bi(f) = %/f(t)sinktdt.
T T

(YkasaHHBIe HHTerpaJbl olpeesneHs! oaarogaps ®UY §5.2. )
Quiementslt ag(f),br(f) npocrpancrsa E nasbiBaior koadduimenramu
Oypre dyuknun f HA oTpe3ke 1 OTHOCUTEIBHO BelecTBeHHoro basmuca Py-

poe. Oyuxmmio S, f|, := GOT(f) + kzl(ak(f) cos kz + by (f) sin kx) mazbBaroT

n-if yacTu4IHON cyMMoil psaaa Pypbe dyukiuu f.
KomnuaekcHas dopma yacTuIHbIX cyMM paga @Pypbe. Ecion byHK-
nust f uaTerpupyema Ha orpeske T = [u, u + 27|, To

Snfle = Zn: ck(f)eik:v7 rue ci(f) == i ff(t)efiktdt'

k=—n T
<« Braromapst hopmysam Dittepa numeem
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Sn.f|:r _ a720 + i (ak iby zkm+ a;Hrzbk 7zkx)’
k—1
1
27

Vk >0 c =5 [ f(t)(coskt — isinkt)dt = e
T

Vk >0 c_j =5 [ f(t)(cos(—kt) —isin(—kt))dt = “5ibE,
T
CilenoBaTeIbHO:

n . .
Spfle =co+ X (cre® + c_re™ ). »
k=1

DunemenTsl ¢k (f) HazBIBAIOT KoaPuyuenmamu Pypve Pynkyuu f om-
HOCUMEADHO KOMNAEKCHO20 ba3uca Pypove.

Tlockonbky psim @ypbe HE MEHSIETCsT TPU M3MEHEHUH PACCMATPUBAEMOIA
GYHKIIMM B KOHEYHOM Habope TOodYeK, To, mdydas pam Pypbe PyHKINAN
f ma orpeske T, ymoOHO cUUTATh, UTO f SBISETCS CYXKEHUEM HEKOTOPOit
2m-niepuouyeckoit pyuknum f : R — F.

Jlemma 00 mHTerpaJsiax nepuoanIecKoi (pyHKIUN. 27-[1epUOIAIec-
Kasi byHKuus f mHTErpupyema Ha orpeske T = [u,u + 27| B TOM U JHIIb

B TOM CJIydae, KOrja oHa unrerpupyema ua orpeske [0, 27]. B sTrom ciydae
2

J fdt = [ fdt u, crano 6bitb, psiy Pypbe Takoil GyHKIUE HE 3aBHCAT OT
0

BBIOOpA OTPE3KA, JJIMHBI 27.

<3neZ:v:=2nr €T Hycrs p=v—2(n—1)7. o (P3II) [ f(t)dt =
u+2m

— 2frf(a:)dx, [ ft)dt = Oj)f(x)dx. >

ByneMm rosoputh, uro dyukims f npuHaiexxuT Kiaccy Pypbe n nucarnb
f € ®, eciu ona 2m-nepuoauyHa, KycouHO nuddepeHmpyeMa Ha OTPE3Ke
[0,27], a ec npousBOAHAS OrPAHUYEHA.

JlemMma o Toukax pa3pbiBa QyHkIuii kiacca Pypwe. Ecin f € O,
TO JId Kaxkjoi Toukn ¢ € R cymecrByior npemesst f_(z) := tlgrglﬁ ft) m

fi(z) = 1i\m f(t). CanenoBaresnbro, dbyukius f orpanudeHa U UHTEIPUDPYe-
N\

Ma Ha JIIOO0M OTPAHUIEHHOM OTPE3KE.

<« Jlnna nrob6oit Toukn x € R maityicres Takas ToUka ¢ < T, 9TO Ha II0-
ayuHTepBase [a, x| dbyukuns f auddepenmupyema. ITockosbKy byHKIMs
f! orpanuuena u obsagaer nepBoobpazHoii Ha [a, x|, TO, COMIACHO aCHMIITO-
TUYECKOMY MPU3HAKY Beﬁemepacca (§5.3), f' uarerpupyema Ha OTpe3Ke

|a, z] u noromy f(t) = +ff ds > ff Yds = f_(z). »

Popmyna dupuxie. ECJ’II/I f € <I>, TO JId KaxK7aoi Toukm & € R
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u goboro n € N

0
o (ot - EOLL) gt - f@)Da0es

U

+ / (F(z 1) — £ (2))Da(t)dt,  Dy(t) =

0

<) 278, f\rzwzck ethe /f Ze“w LY

—n

sin(n + 1/2)t
sint/2

:/f(t)z:zkdt7 z = ¢l@Y),

Hockomsky S zF = (znH1/2 — o= (n1/2) /(51/2 _ =1/2) —

k=—n
— (sin(n+ 1)(z—1))/sin Zt = Dy (x—t), 10 218, fla = j F() D (z—t)dt.

Hasee, onupasich Ha 9CTHOCTD MyHKIMEN D), 1 leMMy 00 HHTErpaJiax Ie-

pHO,ZLH‘IGCKOfI cpyHKuHI/I IIOJTy IaeM 27Sn f =
= ff w(z—t)dt T ffm+7' (=7)dr = [ f(z +t)D,(t)dt.
b) ®ynkuus Dy, (t) ucrnas n [©_ Dy (t)dt = [ Y e™*'dt = 27 Tosro-
—m k=—n
0
My [ Dy(t)dt = [ Dy(t)dt = m. C yucrom pesyibTara IIyHKTa a) HMeeM

f-(@) + fi(z)

27T <Snf|a: - 2

) S, fl — fo (2w — fo(a)m —

T 0 T
= flx+t)Dp(t)dt — f—(z) | Dn(t)dt — fi(x) [ Dn(t)dt =
/ / /
0 T
- / (F(x 1) — f—(2)Du(t)dt + / (F(x + 1) — f1 (2))Da(t)dt. »
o 0

Teopema Pypbe. Eciau dysknus f npunamiexunr kiaaccy Pypwe, TO
ec psax Oypbe cyMMUpPyeM Ha BCEHl IMCIOBOI MPSIMOIt, MPUYCM MTOCTET0BA~
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TEJILHOCTD €r0 YaCTHIHBIX CyMM Sy, f|, B Kaxmoit Touke z € R cxomures K
M, a Ha KaykJIOM OTPEe3Ke, He COJIEePKAIlleM TOYeK pa3pbiBa (hyHK-
nuu f, 9Ta IOCIe0BATEIFHOCTh CXOMUTCS PABHOMEPHO K (QyHKINU f.

< a) ITycrs x € R. TlokaxkeM, uTo KazKaplit mHTErpas B dbopmyie Jupu-
XJIe CTPEMUTCST K HYJIIO0 Ipu 1 — o0. Ho mpex/ie 3aMeTnM, 9T0 Ha OTPe3Ke
[0, 71| byukuums sint/2 Bemykia BBepx, n noromy sint/2 > L.

IIycte Temepn € > 0. Boibepem § > 0 Tak, 9T0OBI BBIIOJIHSIIOCH HEPa-
senctso || f'||[7d < § m uTobBI Ha MONyHHTEPBATE |2, T + §] HE OLLIO TOYEK
paspbiBa GyHKImu f, T. e. 9Tobbl dyHKINA f| ObLIA HEIPEPLIBHON Ha OT-
peske [z, x + §]. B arom ciyuae

5 5
/ (F(z+ 1) — £, (2) Da(t)dt| = / (Folz +8) — fo(2)Da(t)dt] <

4
1£']It , £
dt < 0 < =.
/ sint/2 1o < 2
0

T

Onennm Teneps unrerpan I, := [(f(x +t) — fi(x)) Dy, (t)dt.

5
Iycrs g(t) == % st Kaxko#i TouKM t oTpeska [, 7|, B KOTO-

poit byuknus f ;m(bcbepeﬁunpyeMa CIIpaBeIINBBI HEPABEHCTBA
()] < SQIIfH = C, |g'(t)| = |f/(z+t)sint/2— (f(T+t) f(z))(sint/2)"] <

ind/2 - sin2 ¢/2
< WA
= "sinZ2§/2 = H.
Iycrb g, := n+ 1/2, M — gucyo, Ha eauHUILY GOJIBINEE TUCIA TOUEK
paspbiBa dyHkimu f Ha orpeske [0,27], tg = 0 < ... < ty = T — Takue

TOYKM, UTO Ha KayKIOM MHTEepBaJe |t;_1,t;[ yHKnus g HenpepbiBHA, a B
KaxK0it Touke t; €]0, 7| ona paspeiBua. Torga k < M u

k ti
Il < 32| [ g(t)singatdt| =

=1 |t; _1

HM;T

(% | (9-(ti) cos(anti) = g (ti-1) cos(qnti-1) f g'(t) cos tgndt| <

|~

<o (Z 2C+fHdt) —(2CM +7H) < §
2(2CM+7H)

CxommMMOCTh K HYJIIO Ipyroro mHTerpasia B dpopmyste lupuxie ycranas-
JINBAETCS aHAJIOTUYHO.

pu JoboM n >
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b) Ilycre X — xakoii-uubyap 0Tpe3ok, Ha KOTopoM byHKIWs f Herpe-
pbiBHA, U mycThb r > (0 — TaKoe YMCJI0, 9TO PACCTOsIHUE OT JIFOOOH TOYKH
pa3pbiBa 3710l pyHKIMA 70 X HE MEHBIIE, 9eM T.

IIycts € > 0 u ¢ € X. Boibepem gucsio § > 0 Tak, 970661 UMEJIN MECTO
nepasenctsa 0 < r u || f'[|7d < 5. Ilopropsist IpM STUX YCIOBUAX PACCY K-
JIeHUsl IIYHKTa a), yOexkJaaeMcsi B TOM, 9TO BCe NPUBEJIEHHBIE OINECHKU He
3aBUCAT OT BbIOOpa TOUKH T € X. B

Caencreue. HenpepoiBaast dynkius kiacca Oypbe siBIsSeTCsl paBHO-
MepHOIT cyMMoli cBoero psiiia Oypoe.

Psan ®@ypbe HenmpepbIBHOI 27-TIepUOTUTECKON (DYHKIIME MOXKET PaCXo-
JUThCS B HEKOTOPhIX Toukax. B 1966 roxy Kapsecon ycranoBmi, UTO, eciu
KkBajipaT Mouysisi byHKnuu f uHTerpupyeM Ha orpeske [0, 27|, (Hampumep,
eciu f HempepbIBHA), TO cyMMa ec psjga Pypbe pasBHa 1ol dbyHkuu "mo-
g B Kaxk10i Touke". TouHBIA CMBICJI 9THX CJIOB OyJeT JaH B CJeLyIolei
rJIaBe.

Teopema BeiiepiiiTpacca o0 TPUTrOHOMETPUIECKOI AIIIPOKCHMa-
muu. [y Beakoil HempepbIBHON 2m-niepuoandeckoit dyuknnn f u j1060ro

m
e > 0 maiizcres Taxoit TpuroHomerpmdeckuit mommaoM T(z) = Y. cpetr
k=j
ugro |f(z) — 7(x)] <e VzeR.
<« Ilo teopeme T'eitne-KanTtopa f paBHOMEpPHO HeENpPEPBIBHA Ha, OTPE3-

ke [0,27|. Buauyur, umeercs Takoe § = 2%, n €N, aro |z —y| <0 =
= /(@) — f)] < 5.

Ilycte pg = 0,p1 = 6,... ,pp = 2T U g — Takasl 2T-TEPUOIUIECKAS
dyukuus, uro g(p;) = f(p;) mna Beskoro @ € {0,...,n}, a HA oTpe3Ke

[pi—1,pi| ec rpadux ecTb npsimas JsuHML, T. €.

g@) = f(pi) + L2 (g — p)Ya € [piy,pil. Torma ||f — g < 5.
ITockosibKy g — HemnpepbiBHas (hyHKINs Kiaacca P, To, cormacHo Teopeme
®ypne, cymecTsyer Takoii Homep k, uro [|g — sk(g)|| < §. Cnemoparensmo,
If —sk(g)ll <e.»

Teopema BeiiepmTpacca 0 MOJIMHOMUAJIBHON aNIPOKCUMAIAN.

Ecnu dyuaknust f HenpepbiBHA HA OTpaHUYEHHOM OTpe3Ke X, TO JJIst KaXK 10~
n

ro ¢ > 0 maiigcres Ttakoit mommmom  A(z) = Y aga®, o
k=0

|f(z) — A(x)] < € upu mo6om = € X. VHbIMHI €10BAMU, MHOYKECTBO IIOJIMHO-
MOB IJIOTHO B IpocTpaHcTBe HenpepblBHbIX dhyHaknuit C'(X, E), cHabKCHHOM
CyTIPEMyM-HOPMOH.

<« Bes ymepba quist obmuocTn MoxkeM cuutarh, 9to X = [0, 27| u 4ro
f(0) =0 = f(2m).

[Iycts g — 27-mtepuommyeckast pyHKIMs, COBOaaonas ¢ f Ha oTpe3ke
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X. HOCKOJILKy g HereprBHa TO CYIIIECTBYET TaKOM TpI/Il"OHOMeTpI/I‘{GCKI/Iﬁ

noyunoM 7(z) = Z cre™, aro ||g — 7| < §. OynKuwa T ABIACTCA CyMMOI

HEKOTOPOT'O CTEIeHHOTo psAja 4, z", mbo e — 3 %Vm e C. Cornacuo
jEN

TeopeMe O CXOJUMOCTHU CTEIEHHBIX PSIZOB, PAJ G, X" PABHOMEPHO CYMMUPY-

eM Ha, JII0OOM OrPaHUIEHHOM MHOXKECTBE U, B YacTHOCTH, Ha X . [TosTomy cy-

niecTByeT  Takag — dacTuuHag —cymma  A(x)  9Toro  pama,  9TO

IT(x) = A(z)| < § Vo € X u, ciegosarensuo, |f(x) —A(r)| <e Vre X.»

Vnpaxknenusi. 1. Paznoxurs B psag Oypoe bynknmo f(z) = 22 Ha

OTpesKe | [—, 7| m mocmoTpers Ha 9TO pasokenue B ToUKax T u 0.
Z sinnt — Tt npu moGom ¢ €0, 27].

3. P;{;L Dypbe TPOU3BOIHON Henpepwuisrot Gyukmun f Kiacca Pypbe
paBeH psijly MPOU3BOAHBIX psifia Pypbe UCXOMHON PyHKIUN:

en(f') =inea(f) Vn € Zs  an(f') = kbe(f),  be(f) = —kar(f);
co(f) = ao(f') = 0.

4. cp(g9) = c—n(g) g ka0l Komiiekcuoit Gynkiuu g € ¢ u modoro
n € 7.

PasenctBo IlapceBansi. Ecau f m g — HempepbiBHBIE CKAJISIPHBIE
dbyuknun kiaacca Pypwe, TO

21
/ fgdt =203 ca(Henlg) =
0 nez

—r +Z an()an(9) + bn(f)bn(g))

<« CorytacHo Teopeme (I)ypbe, Snf = f n Spg = g. Tak kak dyHKIUN
f u g orpanuuensr, o (S, f)(Sng) = fg. CoryacHo Teopeme 06 HHTErPUPO-
BaHUM PABHOMEDPHOI'O IIPEJIeJIa:

/fgdt = hm / SnfSngdt = hm/ Z er(fe(g)etF0tas —

kjle{—n..n}
27 n
=lm > a(Ha@ / B0 = Tim Y or(f)e ()2 =
" kJle{—n..n} 0 " k=—n
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= 27r§ ek(fe—k(g) = 27TE ck(fen(g).
kEZ kEZ
Pasencrso ITapceBass orHOCHTEIHHO BemecTBeHHOTO Oasnca Oypne
YCTAHABJIUBAETCS AHAJIOTUYHO. B>
Nudopmanus. Kiace dysKImit, 1jisi KOTOPBIX CIIPABEJINBO PABEH-
crBo [lapceBasisi, 3HAYUTENBHO IMHUPE YKA3AHHOTO B 3TOH Teopeme. B gact-
HOCTH, 0H codeporcum Pynryuu xaacca Pypve u ux npoudsodHsie.
[ee]
—4 _ 41
VYupaxkuenue. 21 n~t =ty
ne
JlemMma o HarypaJsbHOII mapamerpusanuu. [t Kaxjon eaadxol
dyeu S (ymHUHM, TIIaAKO M30MOPMHON OTPE3KY) CYIIECTBYET TaKo# TiaKuii

uzomopdusm v : [a < b] — S, garo |y/| = 1.
<« Ilycte f @ [z < y] — S — kakoii-uubyap riagxuii usomopdusM,
g : [ < y] — R — mmaakoe oroGpaxkenue, 3amaBaemMoe (HOPMYJIOL

ot) = [1F)ldr, 1 a = gla), b — g(y). Tax xax g'(t) — |F()] > O,

xT
T0 g : [x,y] — [a,b] obparumo, npuucm obparHOE K HEMY OTOOpasKeHHE
h:la,b] — |z,y] rmaakoe u h'(s) = g,(hl(s)) = \f’(f}(S))l‘
Orobpazkernne v := foh : [a < b] — S ectb HyX HBII U30MOpDHU3M,

nockomsicy [y (s)] = |£/(h(s)A' ()| = |£/(h(s)) sy | = 1. »

N3onepumerpudeckoe HepaBeHCTBO. llycts U — Bbimykiiass KOM-
HmakTHas 06s1acTh II0cKocTH R? ¢ KycowHO TIaKoil rpaHumeil JUIMHbI 27.
Torpa mnomanas w(U) < 7 u, ecm u(U) = 7w, To obnacts U siBasieTcs: Kpy-
rom pajauyca 1.

<« Byzem canrars , ato Touka 0 € C jexkur BayTpu obsactu U, T. e. 910
U ectb konyc Hag Fr U ¢ Bepmmnoii 0 (4. I, . 6). Tlo yenosuto Fr U mpea-
cTaBJIsIeT CODOH IENOUKy IIAJKUX JYr. IDTO HO3BOJISIET HpejacTaBuTb FrU
KaK TPAEKTOPUIO TAKOW HEIPEPBIBHON KyCOYHOIIQIKON (DyHKIuM (IBUZKe-
aus) z(t) = xz@t) + k) : [0,27] — C, uro || = 1,
z(0) = z(2m), det(z,2') > 0. Harnaano GyHknuo z ymo6HO IPEJCTABIATD
KaK 006xor obstactu U 110 ec rpaHulle ¢ AUHAYHON CKOPOCTHIO, IIPU KOTOPOM
00JIaCTh HAXOJINTCS CJIeBa OT HAOJIIOMATES.

Cormracno  dopMmyne g IUIOIIAAA — KPUBOJMHEHOIO  CEKTOpa
27 27
4. I, . 6), 2u(U) = [ det(z,2')dt = zy' — z'y)dt. Jlerko mpose-
, y 4l s Y Yy p
0 0

puth, uto 2’z = za’ + yy' + i(zy’ — 2'y). Tak kax GyHKIUS 2 HENPEPHIBHA
u z(0) = z(27),

us
% (x24y?)'dt = 0. o 3Toit 3xe TpuamHe K03 DUITHEHTEI

%N)

27
10 [ (z2'+yy')dt =
0

(=)
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psiioB Dypwe GyHKIWIt 2 1 2’ cBsi3anbl GOpMyI0it ¢, (2') = incy(2) Vn € Z.

OHI/IpaHCL Ha YKa3aHHbIC Cl)OprIy.HLI n paBeHCTBO HapCQBaJIH BUJUM, 9TO
2

2
2u(U) = {det(z,z’)dt: {(my —2'y)dt = —zf i(xy — 2'y)+

27
+H(wx' +yy'))dt = —i f 2zdt = =270 Y cn(2)en(z) =
ne”L

= =27 > cp( )M =21 Y M <27 Y ep(2en () =
n#0 n#0 nez

27 27
= [ZZdt = [ |/*dt = 2r.
0 0

TTockosbKy B 3101 1enu cooTHomeHui 3HaK "<" BeTpevaeTcs: UMb OUH
pa3, 1o pasencTBo (U) = 7T BO3MOXKHO JIMIIH TOI/A, KOIJIa
> cn(z’)%’zl) = > cn(2)en(2'). A Tax Kak ¢,C, > 0, TO 9TO BO3MOKHO
n#0 neez
JMIIb B TOM ciydae, Korna ¢,(z') = 0 Vn € Z\ {1}. B takom ciydae
cn(2) =0 Vn € Z\{0,1}. Buauur, 2(t) = co + c1e', u noromy TpaekTopust
IYTHA Z €CThb OKPY>KHOCTb. P
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